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Abstract. Mitchell’s theorem on the approachability ideal states that it is 
consistent relative to a greatly Mahlo cardinal that there is no stationary subset 
of cl ?2 H cof(cji) in the approachability ideal I[oJ 2 ]- In this paper we give a new 
proof of Mitchell’s theorem, deriving it from an abstract framework of side 
condition methods. 
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Introduction 


The approachability ideal /[A + ], for an uncountable cardinal A, is defined as 
follows. For a given sequence a = (a* : i < A + ) of bounded subsets of A + , let Sg 
denote the set of limit ordinals a < A + for which there exists a set c C a, which 
is club in a with order type cf(a), such that for all f3 < a, there is i < a with 
c(~l/3 = tti. Intuitively speaking, the set Sg carries a kind of weak square sequence, 
namely a sequence of clubs such that for each a in Sg, the club attached to a has 
its initial segments enumerated at stages prior to a. Define /[A + ] as the collection 
of sets S C A + for which there exists a sequence a as above and a club C C A + 
such that SflC C Sg. In other words, /[ A + ] is the ideal of subsets of A + which is 
generated modulo the club filter by sets of the form Sg. 

Let A be a regular uncountable cardinal. Shclah [14] proved that the set A + fi 
cof(< A) is in J[A + ]. Therefore the structure of I[ A + ] is determined by which 
subsets of A + D cof(A) belong to it. At one extreme, the weak square principle 
implies that A + flcof(A) is in /[A + ]; therefore /[A + ] is just the power set of A + . The 
opposite extreme would be that no stationary subset of A + flcof(A) belongs to /[A + ], 
in other words, that /[A + ] is the nonstationary ideal when restricted to cofinality 
A. Whether the second extreme is consistent was open for several decades, and was 
eventually solved by Mitchell [12]. Mitchell proved that it is consistent, relative to 
the consistency of a greatly Mahlo cardinal, that there does not exist a stationary 
subset of UJ 2 D cof(wi) in I[co 2 ]. We will refer to this result as Mitchell’s theorem. 

Mitchell’s theorem is important not only for solving a deep and long-standing 
open problem in combinatorial set theory, but also for introducing powerful new 
techniques in forcing. A basic tool in the proof is a forcing poset for adding a 
club subset of 0 J 2 with finite conditions, using finite sets of countable models as 
side conditions. A similar forcing poset was introduced by Friedman [3] around the 
same time. The use of countable models in Friedman’s and Mitchell’s forcing posets 
for adding a club expanded the original side condition method of Todorcevic na, 
which was designed to add a generic object of size wi, to adding a generic object 
of size Co’ 2 . In addition, Mitchell’s proof introduced the new concepts of strongly 
generic conditions and strongly proper forcing posets, which are closely related to 
the approximation property. 

Several years later, Neeman m developed a general framework of side condi¬ 
tions, which he called sequences of models of two types. An important distinction 
between Neeman’s side conditions and those of Friedman and Mitchell is that the 
two-type side conditions include both countable and uncountable models. A couple 
of years later, Krueger JS] developed an alternative framework of side conditions 
called adequate sets. This approach bases the analysis of side conditions on the 
ideas of the comparison point and remainder points of two countable models. No¬ 
tably, this approach has led to the solution of an open problem of Friedman 0, by 
showing how to add a club subset of 0 J 2 with finite conditions while preserving the 
continuum hypothesis (» Other applications are given in 0, 0, 0, and 0. 

Notwithstanding the merits of the frameworks of Neeman [Hj and Krueger 0, 
these frameworks are limited in the sense that they are intended to add a single 
subset of 0 J 2 (or of a cardinal n which is collapsed to become W 2 ). The proof of 
Mitchell’s theorem, on the other hand, involves adding k + many club subsets of a 
cardinal k. Many consistency proofs in set theory about a cardinal k involve adding 
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k + many subsets of k by forcing, so that each of the potential counterexamples to 
the statement being forced is captured in some intermediate generic extension and 
dealt with by the rest of the forcing extension. 

The goal of this paper is to extend the framework of adequate sets to allow 
for adding many subsets of u) 2 , or of a cardinal k which is collapsed to become 
uj' 2 - The purpose of this extension is to provide general tools which will be useful 
for proving new consistency results on u> 2 - In Part III we give an example by 
deriving Mitchell’s theorem from the abstract framework developed in Parts I and 
II. The paper includes a very detailed treatment of adequate sets and remainder 
points in Sections 1 and 2, and of Mitchell’s application of the square principle to 
side conditions in Sections 7 and 8 . We also develop some new ideas, including 
canonical models in Sections 9 and 10, and the main proxy lemma in Section 11. 

We will analyze finite sets of countable elementary substructures of H{k + ). The 
method of adequate sets handles the interaction of the models below n. Following 
Mitchell, we employ the square principle to describe and control the interaction 
of countable models between k and k + . We introduce a new kind of side condition, 
which we call an S-obedient side condition. We show that the forcing poset consist¬ 
ing of S-obedient side conditions on H(n + ), where n is a greatly Mahlo cardinal, 
ordered by component-wise inclusion, forces that k = u >2 and there is no stationary 
subset of uj 2 n cof(wi) in the approachability ideal /[u^]. 

This project began with the M.S. thesis of Gilton at the University of North 
Texas, in which he reconstructed the original proof of Mitchell’s theorem in the 
context of adequate sets. Krueger is indebted to Gilton for explaining to him many 
of the details of Mitchell’s proof, especially the use of □«. Gilton isolated a workable 
requirement on remainder points which later evolved into the idea of S'-obedient 
side conditions. 

After Gilton’s thesis was complete, Krueger returned to the problem and made 
a number of advances. Krueger developed the new idea of canonical models, which 
is dealt with in Sections 9 and 10. Canonical models are models which appear 
in a given model N, reflect information about models lying outside of N , and 
are determined by canonical parameters which arise in the comparison of models. 
He isolated the main proxy lemma, Lemma 11.5, which significantly simplifies the 
method of proxies used by Mitchell. And he introduced the idea of S'-obedient 
side conditions, and showed that forcing with pure side conditions on a greatly 
Mahlo cardinal produces a generic extension in which the approachability ideal on 
0 J 2 restricted to cofinality uj\ is the nonstationary ideal. 


This paper was written for an audience with a minimum background of one year 
of graduate studies in set theory, with a working knowledge of forcing and proper 
forcing, and with some familiarity with generalized stationarity. 

For a regular uncountable cardinal /r and a set X with fi C X, we let P M ( X) 
denote the set {a C X : |a| < /i}. A set S C P M (X) being stationary is equivalent 
to the statement that for any function F : X <u —> X, there exists a € S such that 
sfl/i 6 (ii and a is closed under F. 

If a is a set of ordinals, then lim(o) denotes the set of ordinals /3 such that for 
all 7 < /?, a fl ( 7 , /3) jtz 0. We let cl(a) = a U lim(a). If M is a set, we write sup(M) 
to denote sup(M fl On). 
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If A is a structure in a first order language, and Xi,... ,Xk are subsets of the 
underlying set of A, then we write (A, Xi,..., Xk) to denote the expansion of the 
structure A obtained by adding Xi ,..., Xk as predicates. 


Part 1. Basic side condition methods 
§1. Adequate sets 

We begin the paper by working out the basic framework of adequate sets. 
Roughly speaking, this framework provides methods for describing and handling 
the interaction of countable elementary substructures below w 2 , or below k for 
some regular uncountable cardinal k which is intended to become w 2 in a forcing 
extension. 

Adequate sets were introduced by Krueger [6] ; many of the results of this section 
appear in j6j , although in a slightly different form. 

We fix objects k, A, T*, n*, C*. A, A 0 , and as follows. 

Notation 1.1. For the remainder of the paper, k is a regular cardinal with w 2 < n. 

In [6] we only considered the case when k = w 2 . In the proof of Mitchell’s 
theorem given in Part III, n is a greatly Mahlo cardinal. 

Notation 1.2. Fix a cardinal A such that n < A. In Parts II and III we will let 
A = K + . 

Definition 1.3. A set T C P u1i (k) is thin if for all f3 < n, 

|{a fl (3 : a G T}| < k. 

The idea of a thin stationary set was introduced by Friedman [3] , who used a thin 
stationary set to develop a forcing poset for adding a club subset of a fat stationary 
subset of w 2 with finite conditions. 

Observe that if |/3“| < k for all (3 < k, then P Wl («) itself is thin. Krueger proved 
that the existence of a thin stationary subset of P Ul {u> 2 ) is independent of ZFC; see 

01 - 

Notation 1.4. Fix a thin stationary set T* C P Ui (k) which satisfies the property 
that for all /3 < n and a G T*, a (1/3 G T*. In Part III, we will let T* = P u1i (k). 

Note that if T is a thin stationary set, then the set {a C\ f3 : a € T, f3 < k} 
is a thin stationary set which satisfies the property of being closed under initial 
segments which is described in Notation 1.4. 

Observe that if T is a thin stationary set, then |T| = n. 

Notation 1.5. Fix a bijection n* : T* —>■ n. 

Notation 1.6. Let C* denote the set of (3 < k such that whenever a is a bounded 
subset of [3 in T*, then it*( a) < f3. 

The fact that T* is thin easily implies that C* is a club subset of k. 

Notation 1.7. Let A denote the set C* O cof(>w). 
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Notation 1.8. For the remainder of the paper, let < denote a well-ordering of 

H( A). 

Notation 1.9. Let Xq denote the set of M in P Ul (H( A)) such that M fl k G T* 
and XI is an elementary substructure of (H( A), G, <, k, T*, tt*, C*, A). 

Notation 1.10. Let y 'o denote the set of P in P K (H( A)) such that P11 k G k and 
P is an elementary substructure of (14(A), G, <, k, T*, tt*, C*, A). 

Note that if P and Q are in (Fo, then P(1 Q is in (Vo- And if M G Xq and P G (Fo, 
then XI D P is in Xq. For the presence of the well-ordering < implies that P fl Q 
and XI n P are elementary substructures, and M fl P fl k is an initial segment of 
M fl k and hence is in T*. For the intersection of models in Xq, see Lemma 1.23. 
This completes the introduction of the basic objects. 

Next we will define comparison points and a way to compare two models in Xq. 
Definition 1.11. For XI G Xq , let A m denote the set of fl G A such that 

/3 = min(A \ sup(M fl f3)). 

Observe that since any member of A m is determined by an ordinal in cl(M), and 
cl(M) is countable, it follows that A m is countable. 

Lemma 1.12. Let M G Xq. If fl G Am and (3 q G A fl fl, then XI n [/3q,/3) ^ 0- 
Proof. If M n [/3o,(3) = 0, then sup(M fi fl) < (3o. So 

fl = min(A \ sup(M fl fl)) < (3o < (3, 

which is a contradiction. □ 

Lemma 1.13. Let M and N be in Xq. Then Am 0 Ajv has a maximum element. 

Proof. Note that the first member of A is in both Am and Ajy, and therefore 
Am OAat is nonempty. Suppose for a contradiction that 7 := sup(Am fl Ajv) is not 
in Am 0 Ajv- Fix an increasing sequence (' y n : n < ui) in Am O Ajv which is cofinal 
in 7. Then for each n < u>, M 0 [7 n ,7„ + i) is nonempty by Lemma 1 . 12 . So 7 is a 
limit point of M. Similarly, 7 is a limit point of N. Let fl = min(A \ 7). Since 7 
has cofinality w, 7 < / 3 , and since 7 is a limit point of M and a limit point of N, 
easily fl G Am fl Ajv. This contradicts that 7 = sup(Ajvf (~l Ajv) and 7 < f3. □ 

Definition 1.14. For M and N in Xq, let (3 m,n be the maximum element of 
Am fl Ajv. The ordinal /3 m,n is called the comparison point of AI and N. 

The most important property of /3m,n is described in the next lemma. 

Lemma 1.15. Let XI and N be in Xq. Then 

cl(M n k ) n cl (N n k) c (3m,n■ 

Proof. Suppose for a contradiction that f is in cl (M fl k) fl cl (N fl k) but /3m, n < f ■ 
Let /3 = min(A \{f + 1)). Since /3 is a limit ordinal, /3m,n <f<f + l</3. We 
claim that (3 G Am D Ajv- Then by the nraxinrality of /3m,n, (3 < (3m,n, which is a 
contradiction. 

First, assume that f G A. Then f has uncountable cofinality. So f cannot be a 
limit point of AI or of N. Hence f G XI fl N. By elementarity, f + 1 G XI (1 N. 
Since f + 1 G XI D fl, f + 1 < sup(A I fl fl) < fl. As fl = min(A \ (£ + 1)), clearly 
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P = min(A \ sup(AL 0 fi)). So /3 G Am- The same argument shows that p G An, 
and we are done. 

Secondly, assume that £ ^ A. Then min(A\£) = min(A\(£+l)) = p. Since £ < p 
and £ is either in AL n n or is a limit point of AL fl n, clearly £ < sup(AL n /?) < p. 
Hence /? = min(A \ sup(AL fl p)), and therefore (3 G Am- The same argument shows 
that /? G Ajv, finishing the proof. □ 

The next lemma provides some useful technical facts about comparison points. 
Statement (4) is not very intuitive; however it turns out that this observation 
simplifies some of the material in the original development of adequate sets in [ 6 :. 

Lemma 1.16. Let L, M, and N be in Xq. 

(1) If In k C AL n ac then Al C Am- Hence /3 l,n < Pm,n- 

(2) If LC\ k C (3 where (3 G A, then Al C (3 + 1. Hence Pl,m < (3■ 

(3) If (3 < (3m, n and (3 G A, ttien Af fl [(3, (3m, n) ^ 0- 

(4) Suppose that Af fl Pl,m G N. Then (3 l,m < (3l,n■ 

Proof. Statements (1) and (2) can be proven in a straightforward way from the 
definitions, and (3) follows immediately from Lemma 1.12. (4) By definition, 

(3l,m G A l . Since M n (3 l ,m Q N, sup(M n (3 l ,m ) < sup(A r n /3 L , M ). As 
(3l,m G A m , by definition /3 LjM = min(A \ sup(M n (3 l ,m ))• So clearly (3 l ,m = 
min(A \ sup(A r D/3 l,m))- Hence (3l,m G A n ■ So (3l,m G A l n Ajv. Therefore 
Pl,m < max(A L (~l Ajv) = □ 


Now we introduce our way of comparing models. 

Definition 1.17. Let M and N be in Xq. 

(1) Let M <N if in (3 m ,n G AT. 

(2) Let Af ^ N if M n (3m,n = N Ci (3m,n■ 

(3) Let M < N if either M < N or M ~ Af . 

Definition 1.18. A finite set A C Xq is said to be adequate i//or all M and N 
in A, either M < N, M ~ N, or N < M. 

If M < Af, then by elementarity cl [M n Pm,n) is a member of N. Since cl(M (~l 
Pm,n) is countable, cl (M fl Pm,n) G N. Also every initial segment of M 0 Pm,n is 
in N. For any proper initial segment has the form M fl 7 = M fl Pm,n H 7 for some 
7 G M fl Pm,n, and since M fl Pm,n and 7 are in AT, so is M fl 7. 

The next lemma provides some useful technical facts about the relation on models 
just introduced. 

Lemma 1.19. Let {AL, N} be adequate. 

(1) If (N fl Pm,n) \ AL is nonempty, then M < N. 

(2) If M < N then AT n Pm,n = MC\NC\k = MC\NC\ Pm,n- 

(3) Pm,n = min(A \ sup(AL PI N fl k)). 

(4) If AL < Al then Pm,n G N. 

(5) If P < Pm,n and P G A, then (Af fl Af) fl [P, Pm,n) ^ 0- 

Proof. The assumption of (1) implies that M ~ N and N < Af are impossible. 
( 2 ) Both AL fl Pm, n G A^ and Af fl Pm, n = N D Pm,n imply that AL fl /?m,jv G Ah 
So AL fl Pm,n C AL fl A^ fl k. Conversely by Lemma 1.15, Af fl A' - fl k C Pm,n, 
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soMnA/Tl/cCMn 0m,n■ This proves that MnJVn/t = Mn 0m,n- Since 
M (~l N n k C 0m,n by Lemma 1.15, M n N n k = M (~l N (~l /3m, n■ 

(3) Without loss of generality assume that M < N. Then MC\NF\k = M(10m,n 
by (2). Since 0m,n £ A m, by definition 

0m,n = min(A \ (sup(M fl 0m,n))) = min(A \ (sup(M fl N fl k))). 

(4) If M < N then M n 0 m ,n £ N. By (2), M n 0 m,n = M n N n k. So 
M fl N fl k £ N. By (3), 0m, n = min(A \ sup(M fl N fl n)). So 0m, n £ N by 
elementarity. 

(5) Without loss of generality assume that M < N. Then by ( 2 ), MC\NC\0m,n = 

M(10m,n■ Since 0m,n £ A m, Lemma 1.12 implies that MC\\0,0m,n) is nonempty. 
Fix £ G Mr[0, 0 m,n)- Then ^ G MC\0m,n = MC\NC\0m,n- So (Mr\N)n\0, 0 m,n) 
is nonempty. □ 

Lemma 1.20. Let M and N be in Xq, and assume that {M, N} is adequate. Then 
cl(M nNnn) = cl(Mn k) n d{N n k). 

Proof. The forward inclusion is immediate. Suppose that a is in cl(MnAc)ncl(A’nK). 
Then by Lemma 1.15, a < 0m,n- Without loss of generality, assume that M < N. 
Then 

a G cl (M n k) (~l 0 M ,n = cl (M n 0 m,n) = cl(M fl N n k) 
by Lemma 1.19(2). □ 

If {M, TV} is adequate, then the relation which holds between M and N is de¬ 
termined by the intersection of M and N with u>\. 

Lemma 1.21. Let {M,N} be adequate. Then: 

(1) M < N iff M n U! < N n L 0 1 ; 

(2) M ~ N iff M n Wi = N n Wi. 

Proof. Suppose that M < N. Then M fl 0m, n £ AT. Since 0m, n has uncountable 

cofinality, oj\ < 0m, n- So M fl u)\ is an initial segment of M n 0m,n, and hence 

M n Wi £ N. SoAfOwi < JVOwi. 

Suppose that M ~ N. Then M fl 0m, n = AT fl 0m, n- Since u i < 0m,n , 
M nwi = AT n wi. 

Conversely if M PI uq < N fl wi, then the facts just proved imply that M < N 
is the only possibility of how M and N relate. Similarly M fl wi = N fl implies 
that M ~ N. □ 

Lemma 1.22. Let A be an adequate set. Then the relation < is irreflexive and 
transitive on A, ~ is an equivalence relation on A, and the relations < and < 
respect ~. 

Proof. Immediate from Lemma 1.21. □ 

In proving amalgamation results over countable models, we will need to be able 
to enlarge an adequate set A by adding M fl N to A, where M < N are in A. Let 
us show that we can do this while preserving adequacy. 

First we note that M fl N is in Xq. 

Lemma 1.23. Let {M,N} be adequate. Then M fl N is in Xg. 
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Proof. Without loss of generality, assume that M < N. Then by Lemma 1.19(2), 
M fl N n k = M n Pm,n- Since T* is closed under initial segments and MC\k £ T*, 
it follows that M fl (3m,n £ T*. Hence M fl N fl k £ T*. Also clearly M fl N is an 
elementary substructure. □ 

Lemma 1.24. Let K, M, and N be in Xq . Suppose that M < N and { K,M} is 
adequate. Then: 

(1) (3k,mhn < (3k,m and (3 k,mdn < (3m,n! 

(2) M <K iff MCN < K; 

(3) K ~ M iff K ~ M n N; 

(4) K < M iff K < MnN. 

In particular, {I\, M fl N} is adequate. 

Proof. (1) Since MnN C M, (3k, MnN < (3k,m by Lemma 1.16(1). Also MnNdn C 
(3m, n by Lemma 1.15, which implies that (3k, MnN < (3m, n by Lemma 1.16(2). This 
proves (1). 

Since M fl N fl (3m, n = M fl (3m, n by Lemma 1.19(2) and (3k, MnN < (3m, n, it 
follows that 

M H N H (3 K ,MnN = M n (3 K ,MnN ■ 

(2,3,4) First we will prove the forward implications of (2), (3), and (4). If M < K 
then M fl (3k,m is in I\. But since (3k, MnN < (3k,m, M 0 (3k, MnN is an initial 
segment of M fl (3k,m , and hence is in K. So M fl N fl (3k, MnN = M fl (3k, MnN is 
in K , and therefore M fl N < K. 

If K ~ M, then K n (3k,m = M r I (3k,m- Since (3k, MnN < (3k,m, 

K n (3k, MnN = M n (3k, MnN = M C\N fl (3k, MnN■ 

Therefore K ~ M fl N. 

Suppose that I\ < M. Then K fl (3k,m € M. Since (3k, MnN < Pk, m, K fl 
(3k, MnN G M. So to show that K < M fl N, it suffices to show that K 0 (3k, MnN G 
N.’ 

Since KHk € T* by the definition of X 0 , KnPn,MnN € T* as T* is closed under 
initial segments. Recall from Notation 1.5 that tt* : T* —> n is a bijection. As M is 
closed under 7r* by elementarity, n*(K fl (3k, MnN) G M fI k. Since K fl (3k, MnN is 
a bounded subset of (3k, MnN and (3k, MnN < Pm, at, we have that K 0 /3jc,MnJV is a 
bounded subset of Pm,n■ Since Pm,n £ A, it follows that tt*(K fl pK,MnN ) < Pm,n 
by the definitions of C* and A from Notations 1.6 and 1.7. Hence n*(KC\PK,MnN) £ 
M fl Pm,n Q N. Since N is closed under the inverse of 7r* by elementarity, I\ fl 
PK,MnN £ N. 

Now we consider the reverse implications of (2), (3), and (4). Suppose that 
M fl N < K. Since {K, M} is adequate, either I\ < M, K ~ M, or M < K. But 
K ~ M and I\ < M are ruled out by the forward implications of (3) and (4). So 
M < K. The other converses are proved similarly. □ 

Proposition 1.25. Let A be an adequate set and N £ Xq. Let M be in A, and 
suppose that M < N. Then A U {M n A^} is adequate. 


Proof. Immediate from Lemma 1.24. 


□ 
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Our next goal is to prove the first amalgamation result over countable models, 
which is stated in Proposition 1.29 below. See Proposition 13.1 for a much deeper 
result. 

Lemma 1.26. Let L, M, and N be in X 0 . Suppose that N < M and L £ N. Then 
L < M. 

Proof. Since L £ N, 0l,m < 0m,n by Lemma 1.16(1). Also LC\0l,m is in N (~l T*, 
since it is an initial segment of Lfl/c. As N is closed under 7r* by elementarily, the 
ordinal ir*(L 0 0l,m ) is in N r k. And as 0m,n G A and L 0 0l,m is a bounded 
subset of 0m,n in T*, it follows that tt*(L n 0l,m) < 0m,n by the definition of A. 
Hence tt*(L 0 0l,m) £ N r 0m,n Q M. By elementarily, M is closed under the 
inverse of 7r*, so L n 0l,m G M. □ 

Lemma 1.27. Let L, M, and N be in Xq. Suppose that M < N and L £ N. 
Then: 

(1) 0L,M = 0L,MC\N', 

(2) L ~ Mr N iff L ~ M; 

(3) L < Mfl N iff L < M; 

(4) MC N < L iff M < L. 

Proof. (1) Since M r N r k C M r k, 0l,mcn < 0l,m by Lemma 1.16(1), which 
proves one direction of the equality. Since IIIkC N rn, 0l,m < 0m, n by Lemma 
1.16(1). So 

AL n 0l,m ^ M n 0m,n c Af n N. 

By Lemma 1.16(4), 0 L)M < 0l,mcn- 

(2,3,4) First we will prove the forward implications of (2), (3), and (4). As 
0l,m < 0m,n and M n 0m, n = M fl N fl 0m, n, it follows that 

Mr 0 L ,M = M n N n 0 L ,M ■ 

If L ~ M (~l N, then 

L fl 0l,m = Lr 0l,mhn = M D N n 0l,mc\n = M (~l N (~l 0l,m = M r 0l,m- 
So L fl 0l,m = M fl 0l,m, and hence L ~ M. And if L < M fl N, then 
L D 0 l,m = L n 0l,mc\n £ Mr NC M. 

So L fl 0l,m € M, and hence L < M. If M n N < L, then 

M n 0l,m = M n N n 0l,m = m r n r 0l,mhn g l. 

So M PI 0l,m G L , and therefore M < L. 

For the reverse implications, each of the assumptions L ~ M, L < M, and 
M < L implies that {L,M} is adequate. Hence these assumptions imply that 
L~MrN,L<MrN, and M fl N < L respectively by Lemma 1.24. □ 

Lemma 1.28. Let L, M, and N be in Xq. Suppose that M < N and L £ N. If 
{L,M rN} is adequate, then {L, XI} is adequate. 

Proof. Immediate from Lemma 1.27. □ 

Proposition 1.29. Let A be adequate, N £ A, and suppose that for all M £ A, if 
M < N then M fl N £ A fl N. Suppose that B is adequate and A r N C B C N. 
Then AU B is adequate. 
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Proof. Let L £ B and M £ A, and wc will show that {L, M} is adequate. Since 
L £ B and B C N, L £ N. If N < M, then L < M by Lemma 1.26. Suppose that 
M < N. Then M AN G A fl ./V by assumption. Since iflJV C B, M AN £ B. As 
B is adequate, {L, M fl N} is adequate. Since L £ N and {L, M n N} is adequate, 
{L,M} is adequate by Lemma 1.28. □ 

In the last proposition, we assumed that M < N implies that M PI N £ N, for 
M £ A. At this point we do not have any reason to believe this implication is true 
in general. In Section 7, we will define a subclass of Xq on which this implication 
holds. See Notation 7.7 and Lemma 8.2. 


So far we have discussed the interaction of countable models in Xo. We now turn 
our attention to how models in Xq relate to models in y o. 

Lemma 1.30. Let M and N be in Xq U (Vo■ Suppose that: 

(1) M and N are in Xq and M < N, or 

(2) M and N are in yo and M n k < N n n, or 

(3) M £ X 0 , N £ y 0) and sup(M A N A k) < N (~l k. 

Then M n N n k £ N. 

Proof. (1) If M and N are in Xq, then M < N implies that M n /3 m,jv G N. By 
Lemma 1.19(2), M n ( 3 m,n = M fl N (~l k , so M fl N (~l k £ N. (2) If M and N are 
in (Vo, then since M fl n < N fl k, M fl A^ fl n = M fl k £ N. 

(3) Suppose that M £ X 0 , N £ y 0 , and sup(M(~l NHk) < NHk. Let (3 := Ndn. 
By the elementarity of N, (3 is a limit point of A. So fix 7 £ N fl A such that 
sup(M n (3) < 7 . Then MnATnK = Mri 7 . Since 7 has uncountable cofinality, 
Mfl 7 is a bounded subset of 7 , and as M £ X 0 , M fl 7 £ T*. By the definition of 

C* and A, n*(M fl 7 ) < 7 < N fl k. Since N is closed under the inverse of 7 r* by 

elementarity, M (!"/ = M D N H k £ N. □ 

Note that (3) holds if cf(iV fl k) > u>, which is the typical situation that we will 
consider. 


Lemma 1.31. Let M £ X 0 and N £ y 0 , and assume that sup(MnATriK) < iVflK. 
Then 

cl (M r\Nnn) = cl(M n k) n ci(iv n k) n (N n «). 


Proof. The forward inclusion is immediate. Let 

a £ cl (M fl k) n cl(AT fl k) fl (N fl k). 
Since cl(iV fl k) = (N fl k) U {N fl k}, 

a £ cl (M n k) n (N n k) = cl (M n n n k). 


□ 


Recall that if M £ Xq and P £ yo, then MAP G Xq. We show next that we 
can add M fl P to an adequate set and preserve adequacy. 

Lemma 1.32. Let K and M be in X 0 and P in (Vo- Assume that {K, M} is 
adequate and sup(M fl P fl k) < P fl n. Then: 

( 1 ) (3k,mhp < (3k,m and / 3k, mop < P A k,; 

(2) M <K iff MAP < K; 
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( 3 ) AT ~ M iff K ~ M n P; 

(4) K < M iff K < MrP. 

In particular, { K , M (~l P} is adequate. 

Proof. (1) Since MnPC M, (3k, MrP < (3k, m by Lemma 1.16(1). As sup(M n 
P(1k) < PHk and A is unbounded in PC\k by elementarily, we can fix (3 G A with 
sup(M fl P PI ft) < (3 < P n K. By Lemma 1.16(2), 

(3k, MrP < (3 < P !~l K. 

This proves (1). It follows that 

M [~l pK,Mr\P = M rP D (3 k,M rP- 

(2,3,4) First we will prove the forward implications of (2), (3), and (4). Assume 
that M < A . Then M n (3k,m G K. Since (3 k,M rP — Pk,m> A/ (~l (3 k,M rP G K. So 

M n P n I3k,mhp = Mr I3 k,mhp € K. 

Hence M r P < K. 

Suppose that K ~ M. Then AT D ( 3 k,m = M C I ( 3 k,m- Since (3k,mcp < ( 3 k,m, it 
follows that 


AT n (3 k,M ap = M n pK.Mnp = MnPC l (3k,mc\p ■ 

Therefore AT ~ M n P. 

Finally, assume that A" < M. Then K fl (3k, m € M. Since (3k,mcp < (3k, m, 
K fl (3k,mc\p € M. As Pk,miip < PHk, by elementarily there is 7 G P fl A 
with (3k,mhp < 7- Then K 0 (3k,mcp is a bounded subset of 7 in T*. Hence 
7r*(A'n/3if i Mnp) < 7 - In particular, 7 r*(ATn (3k,mhp) G PHk. By the elementarity 
of P, P is closed under the inverse of 7 r*. So AT fl (3k,mcp & P. Thus K fl (3k,mciP G 
M fl P, and therefore AT < M fl P. 

Conversely, assume that MrP < K. Since {A', M} is adequate, either M < AT, 
M ~ K, or K < M. But the forward implications of (3) and (4) rule out M ~ K 
and AT < M. Hence M < K. The other converses are proved similarly. □ 

Proposition 1.33. Let A be an adequate set. Let M be in A and P in (Vo. and 
assume that sup(M (7 P fl k) < P fl k. Then A U {M fl P} is adequate. 

Proof. Immediate from Lemma 1.32. □ 


Next we will prove an amalgamation result for uncountable models. See Propo¬ 
sition 13.2 for a deeper result. 

Lemma 1.34. Let L and M be in X 0 and P G (Vo- Assume that L G P and 
sup(M (7 P fl k) < P fl k. Then: 

(1) (3l,m = (3l,mcp and (3l,m < P Ak; 

(2) I~tfnP iff L~ M; 

(3) MrP <L iff M < L; 

(4) L <MrP iff L < M. 

In particular, {L,M HP} is adequate iff{L,M} is adequate. 
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Proof. (1) Since MnPC M, Pl,mhp < Pl,m by Lemma 1.16(1), which proves 
one direction of the equality. As L G P, by elementarity, Al G P. Since Al is 
countable, Al C P. As Pl,m G Al, Pl,m G P n k. So M n Pl,m Q M (~l P. By 
Lemma 1.16(4), it follows that Pl,m < Pl,mcp- 

(2,3,4) First we will prove the forward implications of (2), (3), and (4). Since 
Pl,m G P as noted above, 

Ainp L ,M ~ MnPnp L ,M- 

If L ~ M n P, then 

l n (3l,m = L n Pl,mhp = ai n p n Pl,mhp = M n P n Pl,m = m n /?l,m- 

So Lfl Pl,m = M D Pl,m, and hence L ~ M. 

If M fl P < L, then 

Al n /3l,m = M n P n Pl,m = M n P n Pl,mhp s l. 

So Al PI Pl,m G L, and therefore Al < L. And if L < M fl P, then 

l n (3l,m = L n /?l,mop g M n P c m. 

So L fl (3l,m G M, and therefore L < M. 

Conversely, the assumptions M < L, L ~ M, and L < Al imply that {L, Al} is 
adequate. Hence each of these assumptions imply that M fl P < L, L ~ Al fl P, 
L < Al fl P respectively by Lemma 1.32. □ 

Proposition 1.35. Let A be adequate, P G (Vo. and assume that for all Al G A, 
Al fl P G A n P. Suppose that B is adequate and A C P C B C P. Then A U B is 
adequate. 

Proof. Let L G B and M G A. Then AldPGAnPCB. Since B is adequate, 
{L, Al fl P} is adequate. AsMnPsP, sup (M fl P fl k) < P fl k. By Lemma 1.34, 
[L, Al} is adequate. □ 

We conclude the discussion about models in X 0 and (Vo with the following useful 
lemma. 

Lemma 1.36. Let M and N be in Xq, and assume that {Al, TV} is adequate. Let 
P G (Vo- Then either /3 m,n = (3mdp,n, or P C\k < /3m,n- 

Proof. Since MnPC Al, Pmhp,n < (3m,n- If Pm,n = Pmhp,n, then we are done. 
So assume that Pmhp,n < Pm,n- We claim that P fl k < (3m, n- Suppose for a 
contradiction that (3m,n < P fl k. Since PmciP,n < Pm,n, by Lemma 1.19(5), we 
can fix 

£ € (M fl IV) n [/ 3mcp,n, (3m,n )• 

As (3m,n < P n k, 

£ g (M n N) n P n « = (M n P) n N n «. 

Therefore ^ < Pmiip,n by Lemma 1.15, which contradicts the choice of f. □ 

Finally, we prove an amalgamation result over transitive models. 

Lemma 1.37. Let M, Al', N, and N' be in Xq. Assume that M fl k = Al' (An and 
N fl k = N' fl k. Then: 

(1) Pm,n = Pm',n'! 
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(2) M ~ N iff M' ~ N’; 

(3) M <N iff M' < N'; 

(4) N < M iff N' < M'. 

In particular, {M, N} is adequate iff {M', N'} is adequate. 

Proof. (1) Since M D k C M' (~l k and N H k C N 1 H k, it follows that 0m,n < 
0m’,n < 0m’,n’ by Lemma 1.16(1). Similarly, the reverse inclusions imply that 
0m’,n’ < /3m,at- So /3m, iv = 0m',n'- 

(2,3,4) It suffices to prove the forward direction of the iff’s of (2), (3), and (4), 
since the converses hold by symmetry. If M ~ N, then 

M' n 0m>,n> = M n / 3 m , n = n r 0 m,n = 3 V ' n 0m>,n'i 

which proves (2). Suppose that M < N. Then 

M 1 n 0m',n’ = M n /3m,n £ 3V. 

By elementarily, 

7r*(M'n/3 M ',jv') e3VriK = iV'nK. 

Since N' is closed under the inverse of n* by elementarily, M' PI (3m’,n ’ £ AT'. (4) 
is similar. □ 

Proposition 1.38. Let A be an adequate set. Assume that X -< (H(k + ),g), 

| A'| = k, and X (~l k + £ n + . Let B be an adequate set such that A D X C B C X. 
Suppose that for all M £ A, there is M’ £ B such that M n k = M’ D k. Then 
A Li B is adequate. 

Proof. Let M £ A and K £ B be given. Fix M' £ B such that M (~l n = M' D n. 
As {M',K} C B , {M',K} is adequate. Therefore {M, K} is adequate by Lemma 
1.37. □ 

§2. Analysis of remainder points 

In this section we will provide a detailed analysis of remainder points; some of 
these arguments appeared previously in [8! and [9], although in a less complete 
form. This analysis will be the foundation from which we derive the amalgamation 
results of Section 13. 

Definition 2.1. Let {M, N} be adequate. Let Rm(X), the set of remainder points 
of N over M, be defined as the set of f satisfying either: 

(1) £ = min ((A H k) \ 0m,n), provided that M ~ N, or 

(2) there is 7 £ (M D k)\ 0m,n such that f = min((3V fl k) \ 7). 

Note that if N < M, then 0m, n £ M by Lemma 1.19(4). It follows that 
min((3V n k) \ 0m, n) £ Rm(N) by Definition 2.1(2). 

The next lemma describes some basic properties of remainder points. 

Lemma 2.2. Let {M,N} be adequate. Then: 

(1) R M (N)ncl(M Du) = 0; 

(2) Rm{N) is finite; 

(3) suppose that f £ Rm{X) and f > min(l?M(A r ) U Rn(M)); then a := 
min((M n k) \ sup(A fl £)) £ Rn(M) and ( = min ((N fl k) \ a). 
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Proof. (1) If £ £ Rm{N), then by definition, ( £ N and Pm,n < C- Hence ( £ 
cl (M D k) by Lemma 1.15. 

(2) Suppose for a contradiction that (£„ : n < u>) is a strictly increasing sequence 
from Rm{N). Then by definition, for each n > 0 there is y n £ M such that 
C n = min((JV fl k) \ y n ). Let f := sup{C„ : n < w}. Then f = sup{7 n : n < w}. 
Therefore 

C £ ci(M n k) nd (N n4 
Hence ( < Pm,n by Lemma 1.15. But 

Pm,n < Co < C) 

which is a contradiction. 

(3) Since C > min (Rm{N) U Rn{M)) and Rm(N) and Rn(M) are finite, let ao 
be the largest member of Rm(N)URn{M) less than f. We claim that ao £ Rn(M). 
If not, then ao £ Rm(N ), and in particular, ao £ (IVfl ()\(3m,n- Since ( £ Rm(N), 
by the definition of Rm(N) we have that Mn(ao, Q 4 0- But then min((Mn«;)\cro) 
is in Rn{M) and is between ao and C, which contradicts the maximality of ao- 

We claim that C = min((iV Hk) \cto). Otherwise min((7V Ok) \cr 0 ) is in Rm{N) 
and is between ao and C; which contradicts the maximality of <ro- It follows that 
sup(iV n C) < ao- Finally, we show that ao = min((M fl k)\ sup (N 0 C))- Therefore 
a = ao, and we are done. Suppose for a contradiction that a < ao- As sup(./VflC) < 
a, we have that N fl (a, cto) = 0. 

Observe that Pm,n < cr. For if a < Pm,n, then a £ {MC\Pm,n)\N , which implies 
that N < M. And since sup(A^ 0() < cr, it follows that ( = min((A r O k) \ Pm,n )■ 
So C = min (Rm{N) U Rn(M)), which is a contradiction. Hence Pm,n < a < a 0 . 
Since ao £ Rn(M), there is 7 £ iV such that ao = min((M fl k) \ 7). But then 
a < -y < a 0 , which contradicts that N 0 (cr, 07) = 0- HI 

The rest of the section follows roughly the same sequence of topics covered in the 
previous section. Lemma 2.3 describes the remainder points which appear when 
adding M fl N to an adequate set, where M < N, as in Lemma 1.24 and Proposition 
1.25. Then Lemmas 2.4-2.6 analyze remainder points which appear in the process 
of amalgamating over countable models, as in Proposition 1.29. 

Lemma 2.3. Let K, M, and N be in Xq. Suppose that M < N and {K,M,N} is 
adequate. Then: 

(1) R k (M C\N) C. R k (M); 

(2) RMnw(K) C R m (K) UR n (K). 

Proof. Note that by Lemma 1.24, {K, M n A^} is adequate, Pk.mciN < Pk,m, and 
Pk,MDN < Pm,N- 

(1) Let (( £ Rk{M n N), and we will show that £ £ Rk{M). Then either (a) 
K ~ MnN and £ = mm((Mr\Nr\K.)\PK,Mr\N), or (b) there is 7 £ {Kr\n)\pK,MnN 
such that ( = min ((M fl N fl k) \ 7). 

Case a: K ~ MnN and ( = min((Mn NDk)\Pk,mhn)- Then by Lemma 1.24, 
K ~ M. We claim that Pk,m < C- Suppose for a contradiction that ( < Pk,m- 
Then since K ~ M and ( £ M fl Pk,m, it follows that £ £ K. But this contradicts 
that C £ Rk(M fl N). 
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Since 0k,mhn < 0k,m < £, it follows that £ = min((M fl N fl re) \ 0k,m)- 
As M < N, MnJVn/v = Mn (3m, n, which is an initial segment of M fl re. So 
c = min((M fl re) \ 0k, m), and hence £ G Rk{M). 

Case b: There is 7 G (K (~l re) \ 0k,mhn such that £ = min((M fl N fl re) \ 7). 
Since M fl N fl re = Mr 1 0m,n is an initial segment of M fl re, it follows that 
£ = min((M fire) \7). If 0k,m < 7, then since 7 G K, £ G Rk{M). So assume that 
7 < 0k,m ■ 

Now (GJUlUVriK implies that £ < 0m,n- So 7 < 0m,n- Since 7 G (AT fl k) \ 
0k,mhn, 7 ^ M fl AT. But M fl N fl k = M fl 0m,n, so 7 ^ M fl k. Since 7 < 0k,m 
and 7 G K \ M, we have that M < K. So M n 0k,m Q K. As £ G Rk{M n N), 
C ^ K. Since M fl 0k,m Q K and £ G M \ K, it follows that 0k, m < C- I n 
conclusion, 7 < 0k,m < C- Hence £ = min((Af n«)\ 0k,m)- Since M < K, this 
implies that £ G Rk(M). 

(2) Let £ G Rmc\n(K)- Then either (a) K ~ M fl N and £ = min((A" n k) \ 
0k,mhn), or (b) there is 7 G (M fl N)\ 0k,mhn such that £ = min((A' fl/t)\ 7). 
We will show that either £ G Rm(K) or £ G Rn(K)- 

Case a: K ~ M fl N and £ = min((A" Dk)\ 0k,mhn)- Then K ~ M by 
Lemma 1.24. Assume first that 0k,m < £• Then 0k,mc\N < 0k,m < £• So 
£ = min((AT fl k) \ 0k,m), which implies that £ G Rm{K). 

Now assume that £ < 0k,m- Since K ~ M and £ G K fl 0k,m, £ G M. As 
£ G Rmhn(K), £ g M n AT, so £ £ AT. Since K ~ M < N, K < N. As £ G A" \ AT 
and K < N, 0k,n < £• Since M fl A r C AT, 0k,mi~\n < 0k,n- Hence 

0K,AlnN < /3jf,V < £• 

So £ = min((A' D k) \ 0k,n), and therefore £ G Aat(AT). 

Case b: £ = min((A" n k) \ 7), for some 7 G (M D iV) \ 0k,mcn■ If 0k,m < 7, 
then 7 G (M n k) \ 0k, m, and hence £ G Rm(K)- Suppose that 7 < < £• 

Then £ = min((A' (~l k) \ 0k,m)- Since 7 G (M fl 0k,m) \ K, K < M. Therefore 
£ G Rm{K). 

The remaining case is that 7 < £ < 0k,m- Since 0k,mcn < 7 and 7 G M fl N, 
7 ^ K. So 7 G (M fl 0k,m) \ K. It follows that AT < M. But £ G K fl 0k,m, so 
£ G M. As £ G R M nN(K) and £ G M, £ £ N. But AT < M < N, so A' < Ah As 
£gA' \ A/", /3r,at < £. 

If /3ic,jv < 7, then 7 G (AT fl re) \ 0k,n, and therefore £ G Rn(K)- Suppose that 
7 < /^jv < £■ Then £ = min((A' n re) \ 0k,n)- Since K < N, £ G Rn(K)- □ 

Lemmas 2.4 and 2.5 describe the same situation we considered in Lemmas 1.26 
and 1.27. 

Lemma 2.4. Let N < M and L G N, where L, M, and N are in Xq. Then: 

(1) for all £ G Rl(M), 0m,n < £ and £ G Rn{M); 

(2) for all £ G Rm{L), there is £ G Rm{N) such that £ = min((A fl re) \ £). 

Proof. Note that by Lemma 1.26, L < M. 

(1) Let £ G Rl(M). Since L < M, there is 7 G (L fl re) \ 0l,m such that 
£ = min((M (~l re) \ 7). Since 7 G L and L G N, 7 G AT. So 7 G IV \ M. Since 
N < M, 0m,n < 7- Hence /3 m,iv < £• As £ = min((M fl re) \ 7), £ G Rn{M). 
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(2) Let C £ Rm(L). Since L < M, there is 7 £ (M fl n) \ (3l,m such that 
( = min((L D k) \ 7). Now ( € L\M and L £ N. So ( € N \ M. Since N < M , 
this implies that (3m, n < C- 

If 7 < (3m, n, then let f := min((iV fl n) \ (3m, n)- Since N < M, f £ Rm(N). As 
L C N, clearly ( = min((Ln«;)\^). If (3m, n < 7, then let £ := min((ATlAt)\7), which 
exists since ( £ N. Then £ £ Rm(N), and since L C N, ( = min((L fl k) \ f). □ 

Lemma 2.5. Let M < N and L £ N, where L, M, and N are in Xq. Then: 

(1) for all ( £ Rl(M), either £ < (3m,n and ( £ Rl(M fl N), or (3m,n < C 
and ( £ Rn(M); 

(2) for all £ £ Rm(L), either £ £ Rmcin{L) or there is £ £ Rm(N) such that 
C = min((L fl n) \ f). 

Proof. Note that by Lemma 1.27, (3l,m = (3l,mciN- And since M < N, MC\(3m,n = 
MnNC k. 

(1) Let ( £ Rl(M). Then either (a) L ~ M and f = min((M fl n) \ (3l,m ), 

or (b) there is 7 £ (L fl n) \ (3l,m such that ( = min ((M fl k) \ 7). Assume hrst 
that ( < (3m, n- In case (a), L ~ M fl N by Lemma 1.27. Since ( < (3m, n, 

C = min ((M n N n k) \ In case (b), 7 £ (L n k) \ (3 L ,MnN and ( = 

min ((M fl N fl n) \ 7). In either case, f £ Rl(M fl N). 

Now assume that (3m,n < C- In case (a), since 

(3l,m < (3m,n < C) 

( = min((MLift) \(3m,n)- Since M < N, this implies that ( £ Rn{M). In case (b), 
if 7 < (3m,n, then again ( = min((M fl k) \ (3m,n), and so ( £ Rn{M). Otherwise 

7 £ (N fl k) \ (3m,n and ( = min((M fl k) \ 7), so f £ Rn(M). 

(2) Let C £ Rm(L). Then either (a) L ~ M and f = min((LH k)\ (3l,m ), or (b) 
there is 7 £ (M fl n) \ (3 l,m such that ( = min((L fl n) \ 7 ). In case (a), L ~ MC\N 
by Lemma 1.27 and f = min((L I 1 k)\ Pl.mcin)- Hence f £ Rmc\n(L). 

Assume (b). First consider the case that 7 < (3m,n ■ Then 

7 £ M n (3 m ,n CMnN. 

So 

7 £ (M niVnK) \ (3 Lt MnN 

and £ = min((L (~l k) \ 7). Hence f £ Rmdn(L). Now consider the case that 
(3m, n < 7- Then 7 £ (M Ok)\ (3 m ,n- Let £ := min((Af Ok) \ 7), which exists since 
£ £ N. Then £ £ Rm{N) and £ = nhn((L fl n) \ £). □ 

When amalgamating over a countable model N, the presence of M fl N prevents 
certain incompatibilities between M and the object we build in N. But oftentimes 
M fl N does not have enough information about M. In that case, we will use a 
model M' in N which is more representative of M than M 0 N. 

Lemma 2.6. Let L, M, M', and N be in Xq. Assume that M < N and L £ N. 
Also suppose that M' £ N, {L, MC\N, M'} is adequate, and MC\(3 m,n = M'L\(3m,n■ 
Then: 

(1) either (3 l ,m = (3l,m > or (3 m ,n < (3l,mR 

(2) if (3 L ,M = (3l,m ’ and ( £ Rmcn(L), then C £ Rm'(L). 
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Proof. Note that {L,M} is adequate by Lemma 1.28. We claim that /3l,m < P l,M'- 
Otherwise /3l,m 1 < Pl,m ■ Since {L, M} is adequate, we can fix £ 6 (Lfl M) 0 
[Pl,m' i Pl,m) by Lemma 1.19(5). Since L £ TV, £ £ N. So 

£eMnivn/c = Mn p m ,n c m'. 

Hence ( £ (Lfl M' (~| n)\ Pl,M’, which is impossible. 

(1) If Pl,m = Pl,m' i then we are done. So assume that Pl.m < Pl,m'- We claim 
that Pm,n < Pl,m’- Otherwise 

Pl,m < Pl,m’ < Pm,n- 

Since {L,M'} is adequate, we can fix £ £ (L 0 M') 0 [Pl,m, Pl,m') by Lemma 
1.19(5). Then 

f £ M' D Pm,n C M. 

So f G {L 0 M n k) \ Pl,m, which is a contradiction. 

(2) Assume that Pl,m = Pl,m> and ( G Rmi~\n{L). By Lemma 1.27, 

Pl,m' = Pl,m = Pl,mhn- 

First, assume that L ~ M O N and ( = min((L fu)\ Pl,mhn )■ Then £ = 

min ((Ln k)\Pl,m')- ^ so 

l nwi = (Mn N) nwi = m n P m ,n nw 1 = m' n p M , N nwi=M'nwi. 

Since {L,M'} is adequate and Lflui = M' 0 uji, L ~ M' by Lemma 1.21. Since 
L ~ M' and C = min((L Ok) \ Pl,m>), C 6 Rm'{L). 

Secondly, suppose that 7 G (M fl IV 0 k) \ Pl,miin and ( = min((L fl k) \ 7). 
Then 

7 g (MnivnKjV^M'. 

Since 

MnNn K = Mn Pm,n Q m\ 

7 G (Af 7 Ok) \ Pl,m' ■ So C G Rm' (L )• D 


The statement of the next technical lemma is not very intuitive. But its discovery 
led to substantial simplifications of some of the arguments from J5]. 

Lemma 2.7. Let K, M , and N be in Xq such that {K, M, N} is adequate. Suppose 
that 

C G Rm( AO, C£K, 0 = min((iv Ok)\ Q, and 9 < Pk,n- 
Then 9 G Rm(K). 

Proof. Since £ < 9 < Pk,n and £ G N\ K, it follows that K < N. In particular, 
K n (6 + 1 ) C N. 


Case 1: N < M. Then K < N < M, so I\ < M. We claim that Pk,m < Pm,n- 
Otherwise Pm,n < Pk,m , which implies that 

(K 0 M) 0 [Pm,n, Pk,m) ^ ^ 

by Lemma 1.19(5). Let 7 = min((ATnK;) \Pm,n)- Then since the intersection above 
is nonempty, 7 < Pk,m , and hence 7 G K 0 M. But Pm,n <(,< 9 and 9 G K 
implies that 7 < 9 . Since K fl [9 + 1) C N, 7 G N. So 7 G (M fl N) \ Pm,n , which 
is impossible. This proves that Pk,m < Pm,n- 
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Suppose that £ = min((IV fl re) \ 7) for some 7 G (M fl re) \ (3m,n ■ Since (3k,m < 
(3m,n, it follows that 7 G (AfOre) \(3k,m- As A'n(d+1) C N, 9 = min((/v fire) \7). 
Hence 9 G Rm(K). 

Suppose that M ~ N and £ = min((IV (~l re) \ (3m,n)- Since K [~l (9 + 1) C IV, it 
follows that 9 = mm((Kr\K)\PM,N)- We claim that 9 = min ((KC\k)\[3k,m), which 
implies that 9 G Pm(A') as desired. If not, then there is 7r G K (~l \/3k,m, (3m,n)- 
But (3m,n < C < 9 < (3k,n, so tt G K n (3k,n Q N. Hence 7r g N n (3m,n C M. So 
7 r G M. Therefore 7r G (K D M) \ (3k, m, which is impossible. 

Case 2: M < N. Since £ G Rm{ -A), there is 7 G (M fl/c)\ (3m,n such that 
£ = min((IVnre)\7). If (3k, m < 7, then 7 G (. MHk)\Pk,m , and since KC\(9+1) C IV, 
d = min((A' Hk) \ 7). Hence 9 G Rm{K). 

Otherwise 7 < (3k,m- Since 7 ^ IV, 7 < 0 , and K [~l (0 + 1 ) C N, it follows that 
7 £ K. So 7 G (Mfl (3k, m) \ AT, which implies that A' < M. Since A' fi (d + 1 ) C IV, 
it follows that 9 = min((A' fl k) \ 7). As 9 G (IV fl k) \ (3m, n, 9 £ M. As K < M 
and 9 G K fl k, (3k,m <9. So 7 < (3k,m < 9. Hence 9 = min((A' fl k) \ (3k, m), 
which implies that 9 G Am (A'). □ 


The next three lemmas are analogues of Lemmas 2.3, 2.5, and 2.6, where the 
countable model N in X$ is replaced by an uncountable model P in [Vo- 

Lemma 2.8. Let K and M be in X 0 and P G 34)• Assume that {AT, M} is adequate 
and sup (M fl P 0 k) < P 0 k. Then: 

(1) R k {M OP) C R k (M); 

(2) if £ G Rmdp(K), then either £ G Am(AT) or £ = min((A' fl k) \ (P fl n)). 

Proof. Note that by Lemma 1.32, (3k,mpp < (3k,m, (3k,mciP < P(3n, and {AT, M fl 
P} is adequate. 

(1) Let £ G Rk(M OP). Then either (a) K ~MnP and £ = min ((M nPn«;) \ 
(3k,mcp)i or (b) there is 7 G (.K n n) \(3 k,mcp such that £ = min ((M flPfl n) X'y). 

Case a: K ~ M fl P and £ = min((M fl P 0 k) \ (3k,mhp)- Then K ~ M by 
Lemma 1.32. By Lemma 1.36, either (3k,m = (3k,mcp 1 or P fl k < (3k,m- 

We claim that (3k,m = (3k,mhp- Suppose for a contradiction that PflK < (3k,m■ 
Since £GMnPflKCPnK,£< (3k,m■ But since K ~ M and £ G M fl (3k,m, 
£ G K. So £ G A" fl (M n P) fl k, which contradicts that £ G Rk(M fl P). 

So /3r-,m = (3K,MnP■ Since M fl P fl k is an initial segment of M n re, £ = 
min((M n k) \ (3k, m)- Hence £ G Rk{M). 

Case b: £ = min((M OPflc) \ 7 ), for some 7 G (AT fl n) \ (3 k,mcp- Since 
M flPn k is an initial segment of M 0 k, £ = min((M Ok)\ 7 ). By Lemma 1.36, 
either (3k,m = (3k,mciP or P n k < (3k,m- In the first case, 7 G (K fl k) \ (3k,m, so 
£ G R k (M). 

We prove that the other case is impossible. Suppose for a contradiction that 
Pfl k < (3k,m- Since 7<£<PflK, 7GP. But 7 G (K Ck)\(3k,mpp implies that 
7 ^MnP. So 7 ^ M. As 7 < Pfl k < (3k,m , we have that 7 G (.K n (3k,m ) \ M. 
Hence M < AT. Since £GAfnPn«;, £gM(~i (3 k, m- As M < AT, £ G K. But this 
is impossible since £ G Rk(M fl P). 
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(2) Let £ £ Rmc\p{K). We will prove that either £ £ Rm(K ), or £ = min((A" fl 
k) \ (P fl k)). Either (a) K ~ M fl P and £ = min((AT fl k) \ Pk,mhp), or (b) there 
is 7 £ (M nPfl/:) \ (3k,mc\p such that £ = min((AT n k) \ 7 ). 

Case a: I\ ~ M fl P and £ = min((AT fl k) \ (3k,mcp)- Then AT ~ M by Lemma 
1.32. Also by Lemma 1.36, either Bk,m = (3k,mhp or P fl k < (3k,m- 

First, assume that (3k,m = (3k,m^p- Then £ = min((A' fl k) \ (3k, m), so £ £ 
Rm{K). 

Secondly, assume that PHk < (3k,m- Suppose that (3k,m < £• Since (3k,mc\p < 
(3k,m, it follows that £ = min((A' n k) \ (3k,m)- Therefore C, £ Rm(K)- 

Otherwise £ < (3k,m ■ But then AT ~ M and £ £ K 0 (3k,m imply that £ £ M. 
Since £ £ Rmdp(K) an d £ £ M, £ ^PO/s. Therefore (3k,mcp <PHk<£. So 
£ = min((A" fl k) \ (P fl k)). 

Case b: £ = min((A' 0 k) \ 7 ) for some 7 £ (M fi P 0 k) \ /3k,m<~\p- If P fl k < £, 
then 7 < P fi k < £ implies that £ = min((A' 0 k) \ (P 0 k)). 

Suppose that £ < P fl k. If (3k,m < 7, then 7 £ (M fln) \ {3k, m, and therefore 
£ £ Rm(K)- So assume that 7 < (3k,m- First consider the case that (3k,m < £■ 
Then £ = min((Af Ok)\ (3k,m)- Since 7 £ (M n (3k,m) \ K, it follows that K < M. 
So £ £ R m (K). 

In the final case, assume that 7 < £ < (3k,m■ We will show that this case does 
not occur. Then 

(3k,mcp < 7 < £ < (3k,m- 

Since 7 £ (M n (3k, m) \ K, it follows that K < M. So as £ £ K n (3k, m, £ £ M. 
But also £ £ P fi k. So £ € M 0 P, which contradicts that £ £ Rmc\p{K). □ 

Lemma 2.9. Let L and M be in Xo and P in 3V Assume that L £ P, { L , MflP} 
is adequate, and sup(M fi P O k) < P fl k. Then: 

(1) if £ £ Rl(M), then either £ £ Rl(M OP) or £ = min((M 0 n) \ (P 0 k)); 

(2) Rm(L) C R MnP (L). 

Proof. Note that by Lemma 1.34, (3l,m = Bl,mhp> (3l,m < P Ok, and {A,M} is 
adequate. 

(1) Let £ £ Rl(M). Then either (a) A ~ M and £ = min((M f~l k) \ (3l,m), or 
(b) there is 7 £ (A D k) \ (3l,m such that £ = min((M O k) \ 7 ). 

Case a: L ~ M and £ = min((MriK;) \(3l,m)- Then L ~ M OP by Lemma 1.34. 
If P 0 k < £, then since (3l,m < P D k, it follows that £ = min((M n k) \ (P 0 k)). 
Suppose that £ < P fl k. Then 

£ = min((M n P H k) \ /3l,m) = min((M (~l P D k) \ /?L,Mnp)- 
So £ £ R l (M n P). 

Case b: There is 7 £ (L (~l k) \ ( 3 l,m such that £ = min((M n k) \ 7). Then 
7 £ (Lr'lK)\/ 3 z ;j MnP- If £ < PHk, then £ = min((MnPnp)\7), so £ £ Rl(MC\P). 
Otherwise Pfl/t<£, and since 7 £ A, 7 < P fi k. So £ = min((M fl k) \ (P fl k)). 

(2) Let £ £ Rm(L ), and we will show that £ £ Rmhp(L)- Either (a) L ~ M 
and £ = min((A fi k) \ (3l,m), or (b) there is 7 £ (M n k) \ /3l,m such that £ = 
min((A nc)\ 7 ). 
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Assume (a). Then L ~ M fl P by Lemma 1.34. Also ( = min((L fl k) \ pL,Mnp), 
so £ £ Rmcp(L). 

Assume (b). Since ( £ L and L £ P, ( £ P. As 7 < £ and £ £ P fl k, 7 < P n k. 
So 7 6 M fl P. Thus 7 € (M fl P fl k) \ Pl,mhp and C = min((L fl k)\ 7). So 
C € Rmcp(L). □ 


Lemma 2.10. Let L, M, and M' be in X 0 , and let P and P' be in y 0 . Assume 
that {L, M, M 1 } is adequate, and L, M', and P' are in P. Let p := P fl k and 
/?' := P' fl k. Suppose that sup (M fl [3) < ( 3 ' and M fl /3 = M' fl p'. Then: 

(1) Pl,m < P'; 

(2) either p LyM = Pl,m> or p' < Pl,mP 

(3) if Pl,m = Pl,m' and ( £ R Mn p(L), then C £ Rm’(L). 


Proof. (1) Since M fl /? C P' and L fl k C /?, L fl M fl k C f}'. As sup(M fl /?) < p', 
LHMHk is a bounded subset of /?'. By the elementarity of P', fix 7 £ A such that 
sup(L fl M fl k) < 7 < / 3 By Lemma 1.19(3), 

Pl,m = min(A \ sup(L fl M fl k)) < 7 < p'. 

(2) If (3l,m = Pl,m £ then we are done. So suppose not. We claim that 
Pl,m < Pl,m'■ Suppose for a contradiction that Pl.m 1 < Pl,m- By Lemma 
1.19(3), = nrin(A \ sup(L fl M' fl n)). But 

Pl,m> < Pl,m < P' 

by (1) and the assumption just made. So Pl,m< < P' ■ Hence LnM'flK = LnM'np'. 
Since M fl P = M' fl P', it follows that 

sup(L fl M' fl k) = sup(L fl M' fl p') = sup(P fl M fl p) = sup(P fl M fl k). 


So 

Pl,m' = min(A \ sup(P fl M fl k)) = Pl,m- 

But this contradicts the assumption that Pl,m' < Pl,m- 

This proves that Pl,m < Pl,m'- By Lemma 1.19(5), we can fix £ £ {L fl 
M') fl \Pl,m, Pl,m')- Since Pl,m < £ and £ £ L, it follows that £ ^ M. But 
M fl P = M' fl /3'. Since £ £ (M' fl k) \ M, P' < £. As £ < Pl,m'i it follows that 
P' < Pl,m'- 

(3) Suppose that Pl,m = Pl,m 1 and £ £ -RmcipW- We will prove that £ £ 
Rm'(L). Since Pl,m = Pl.mcp by Lemma 1.34, Pl,m> = Pl.mcp- First assume 
that L ~ M fl P and £ = min((P fl k) \ Pl.mcp )• Hence £ = min((L fl«) \ Pl,m')- 
As P ~ M fl P, 

inwi = MnPn«i = M'n wi. 

So L ~ M' by Lemma 1.21. Hence £ £ Rm'{L)- 

Now assume that ( = min((L fl k) \ 7), where 7 £ (M fl P fl k) \ Pl,mhp- Since 
M fl P n k = M n P c M', 7 £ M'. And 


Pl.mhp = Pl,m = Pl,m' < 7 - 
So 7 £ (M' fl k) \ Pl,m' ■ Therefore C £ Rm'(L)- 


□ 


The final lemma concerning remainder points will be used when amalgamating 
over transitive models. 
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Lemma 2.11. Let M, M' , TV, and TV' be in Xq. Assume that Mflre = M' (Ik and 
TV n k = TV' n k. Then Rm(N) = Rm'(N'). 

Proof. We will show that Rm(N) C R m >(N'). The reverse inclusion follows by 
symmetry. So let £ G Rm{N). 

First, assume that M ~ TV and C, = min((TV n k) \ Pm,n)- Then by Lemma 1 . 37 , 
/3m, n = Pm',N' and M' ~ TV'. Since TV' n k = TV D k, clearly ( = min((TV' n k) \ 
/ 3m',n ')■ So £ € Rm’(N'). 

Secondly, assume that £ = min((TV PI k) \ 7 ), for some 7 G (M fl k) \ 0m,n- By 
Lemma 1.37, /3 m, iv = Pm',n'■ Since M fl k = M' n k, 7 G ( M' Pk)\ (3m',n>■ As 
TV n k = TV'n k, C = min((’iV , n/t)\7). So (e R M '(N'). ’ □ 

§3. Strong genericity and cardinal preservation 

In this section we will discuss the idea of a strongly generic condition, which is 
due to Mitchell flj!. Then we will use the existence of strongly generic conditions 
to prove cardinal preservation results. All of the results in this section are either 
due to Mitchell, or are based on standard proper forcing arguments. 

Definition 3.1. Let Q be a forcing poset, q G Q, and N a set. We say that q is a 
strongly TV-generic condition if for any set D which is a dense subset of N (~l Q, D 
is predense in Q below q. 

Note that if q is strongly TV-generic and r < q, then r is strongly TV-generic. 

Notation 3.2. For a forcing poset Q, let Aq denote the least cardinal such that 
QCTJ(Aq). 

Note that q is strongly TV-generic iff q is strongly (TV n T7 (Aq) (-generic. 

The following proposition gives a more intuitive description of strong genericity. 

Lemma 3.3. Let Q be a forcing poset, q G Q, and TV -< (-ff(x), G, Q), where Aq < \ 
is a cardinal. Then q is a strongly TV -generic condition iff q forces that TV n G is a 
V-generic filter on TV CT Q. 

Proof. Suppose that q is a strongly TV-generic condition, and let G be a F-generic 
filter on Q containing q. We will show that TV n G is a F-generic filter on TV n Q. 

First, we show that TV n G is a filter on TV n Q. If p G TV fl G and t G TV fl Q 
with p < t, then t G G since G is a filter, and hence t G TV n G. Suppose that s and 
t are in TV fl G, and we will find p G TV fl G such that p < s,t. The set D of p in 
TV (~l Q which are either incompatible with one of s and t, or below both s and t, is 
a dense subset of TV fl Q by the elementarity of TV. Since q is strongly TV-generic, 
D is predense below q. As q G G and G is a F-generic filter, we can fix p G G fl D. 
Since s, t , and p are in G , p is compatible with s and t, and therefore p < s,t by 
the definition of D. As D C TV, p G TV fl G. 

Secondly, we prove that TVflG is F-generic on TVflQ. So let D be a dense subset 
of TV fl Q. Since q is a strongly TV-generic condition, D is predense below q. As 
q G G, it follows that D fl G yf 0. But D C TV, so D fl TV D G 7^ 0. 

Conversely, suppose that q forces that TV fl G is a F-generic filter on TV fl Q, and 
we will show that q is strongly TV-generic. Let D be a dense subset of TV fl Q. If 
D is not predense below q, then we can fix r < q which is incompatible with every 
condition in D. Let G be a F-generic filter on Q containing r. Since r < q, q G G. 
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Hence by assumption, TV n G is a V-generic filter on TV fl Q. Since D is dense in 
TV n Q, we can fix s £ G n D. Then r is incompatible with s by the choice of r, and 
yet r and s are compatible since they are both in the filter G. □ 

The following combinatorial characterization of strong genericity is very useful 
in practice. 

Lemma 3.4. Let Q be a forcing poset, q £ Q, and TV a set. Then the following are 
equivalent: 

(1) q is strongly TV -generic; 

(2) for all r < q, there exists v £ N C I Q such that for all w < v in TV (~l Q, r 
and w are compatible. 

Proof. For the forward direction, suppose that there is r < q for which there does 
not exist a condition v £ TV HQ all of whose extensions in TV HQ are compatible with 
r. Let D be the set of w £ TV n Q which are incompatible with r. The assumption 
on r implies that D is dense in TV nQ. But D is not predense below q since every 
condition in D is incompatible with r. So q is not strongly TV-generic. 

Conversely, assume that there is a function r i —> v r as described in (2). Let D be 
dense in TV H Q, and let r < q. Since D is dense in TV fl Q, we can fix w < v r in D. 
Then r and w are compatible by the choice of v r . So D is predense below q. □ 

The next idea was introduced by Cox-Krueger [2]. 

Definition 3.5. Let Q be a forcing poset, q £ Q, and TV a set. We say that q is 
a universal strongly TV-generic condition if q is a strongly TV -generic condition and 
for all p £ N (~l Q, p and q are compatible. 

The strongly generic conditions used in this paper are universal. This fact allows 
us to factor forcing posets over elementary substructures in such a way that the 
quotient forcing has nice properties. See Section 6 for more details on this topic. 

Definition 3.6. LetQ be a forcing poset and /r < Aq a regular uncountable cardinal. 
We say that Q is /r-strongly proper on a stationary set if there are stationarily many 
TV in P^(H(A<q)) such that for all p £ N fi Q, there is q < p such that q is strongly 
N-generic. 

When we say that Q is strongly proper on a stationary set, we will mean that it 
is -strongly proper on a stationary set. 

By standard arguments, Q is /z-strongly proper on a stationary set iff for any 
cardinal Aq < x, there are stationarily many N in P /J ,(H(x)) such that for all 
p £ N nQ, there is q < p such that q is strongly N- generic. 

Lemma 3.7. Let Q be a forcing poset and /r < Aq a regular uncountable cardinal. 
If there are stationarily many N in P /J ,(H( Aq)) such that there exists a universal 
strongly N-generic condition, then Q is p-strongly proper on a stationary set. 

Proof. Let N £ (Aq)) be such that there exists a universal strongly N- generic 

condition q jy. Let p £ N C I Q, and we will find r < p which is strongly TV-generic. 
Since qw is universal, p and qjy are compatible. So fix r < p , qjy. Then r < p and 
r is strongly TV-generic. □ 
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Definition 3.8. Let p be a regular uncountable cardinal. A forcing poset Q is said 
to satisfy the /^-covering property if Q forces that for any set a C On in the generic 
extension, if a has size less than p in the generic extension, then there is b in the 
ground model with size less than p in the ground model such that a C b. 

Note that if Q has the /^-covering property, then Q forces that p is regular. 

Proposition 3.9. Let Q be a forcing poset, and let p < Aq be a regular uncountable 
cardinal. Suppose that Q is p-strongly proper on a stationary set. Then Q satisfies 
the p-covering property |^| 

Proof. Let p be a condition, and suppose that p forces that a is a set of ordinals of 
size less than p. We will find q < p and a set x of size less than p such that q forces 
that a C x. Extending p if necessary, we can assume that p forces that a has size 
po , for some cardinal po < p. Fix a sequence ( on : i < pf) of Q-names such that p 
forces that a = {dj : i < po}. 

Fix a regular cardinal Aq < x such that Q, a, and (di : i < pf) are members of 
H( X ). Fix TV G P^H{x)) such that TV -< (H(x), e,Q,p, a, (d» : i < p 0 )), Po C TV, 
and for all po G TV (~l Q, there is q < po which is a strongly TV-generic condition. In 
particular, since p G TV n Q, we can fix q < p such that q is strongly TV-generic. 

We claim that q forces that for all i < po, dj G TV . Let i < po- Let D be the set 
of s G N (~l Q such that s decides the value of dj. By the elementarity of N, it is 
easy to see that D is dense in N n Q. Since q is strongly TV-generic, D is predense 
below q. Therefore q forces that d,; is decided by a condition in N. By elementarity, 
the value of the name on decided by a condition in N lies in N. Hence q forces that 
dj G N. It follows that q forces that a C N Cl On. Since N has size less than p, we 
are done. □ 

Corollary 3.10. Let Q be a forcing poset, and let p < Aq be a regular uncountable 
cardinal. Suppose that there are stationarily many N in Aq)) for which there 

exists a universal strongly N-generic condition. Then Q satisfies the p-covering 
property. In particular, Q forces that p is a regular cardinal. 

Proof. Immediate from Lemma 3.7 and Proposition 3.9. □ 


Proposition 3.11. Let Q be a forcing poset, and let p < Aq be a regular uncount¬ 
able cardinal. Suppose that there are stationarily many N G P /i (H( Aq)) such that 
every condition in Q is a strongly N-generic condition. Then Q is p-c.c. 

Note that if Q has a maximum condition, then every condition in Q being 
strongly TV-generic is equivalent to the maximum condition being strongly TV- 
generic. 

Proof. Let A be a maximal antichain in Q, and we will show that T| < p. Let 
TV G Pfj,(H( Aq)) be such that TV -< (H(Xq),G,Q,A) and every condition in Q is 
strongly TV-generic. 

Note that by the elementarity of TV and since A is a maximal antichain, TV fl A is 
predense in TV fl Q. Namely, if u G TV fl Q, then u is compatible with some member 
of A. By elementarity, u is compatible with some member of TV fl A. Let D be the 

'The proof of this proposition is basically the same as a standard proof that proper forcing 
posets preserve oji. 
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set of t £ N (~l Q such that for some s £ N n A, t < s. Then easily D is dense in 
N flQ. Since every condition in Q is strongly iV-generic, D is predense in Q. 

We claim that A C N, which implies that |a 4 | < |iV| < /i. So let p £ A be 
given, and we will show that p £ N. Since D is predense in Q, fix t £ D which is 
compatible with p. By the definition of D, we can fix s £ N n A such that t < s. 
Then p and s are compatible. But p and s are both in A and A is an antichain, so 
p = s. Since s £ N, p £ N. □ 

In general, forcings which include adequate sets as side conditions will collapse k 
to become ui 2. In other words, all the cardinals /r with uq < p < n will be collapsed 
to have size uq. The next result describes some general properties of a forcing poset 
which imply that such collapsing takes place. 

Proposition 3 . 12 . Suppose that Q is a forcing poset which preserves uq and sat¬ 
isfies: 

(1) there exists an integer k < u> such that the conditions of Q are of the form 
(aq,..., Xk, A), where aq,..., aq are finite subsets of H{ A), and A is an 
adequate set; 

( 2 ) if (3/1, • ■ • ,Vk,B ) < (aq,.. . ,aq, A), then A C B; 

( 3 ) there are stationarily many N £ Xq such that whenever (aq,..., aq, A) £ 
N nQ, then (aq,..., aq, A U {N}) is a condition below (aq,..., Xk, A). 

Then for any cardinal uq < p < n, Q collapses p to have size uq. 

Proof. It suffices to show that Q singularizes all regular cardinals p with uj\ < p < 
k. For suppose that this is true, but there is a cardinal p in the interval (aq, k) in 
some generic extension. Assume moreover that p is the least such cardinal. Then 
p = uj 2 in the generic extension. By downwards absoluteness, p is regular in the 
ground model. This contradicts our assumption that all regular cardinals in the 
interval (aq, k) are singularized. 

Let G be a P-generic filter on Q. Define 

X := {N : 3 (aq,..., aq, A) £ G , N £ A}. 

Let 

:= {N £ X : p £ N}. 

Then by ( 2 ) and the fact that G is a filter, for any M and N in X^, there is a 
condition (aq,..., aq, A) £ G such that M and N are in A. Since A is adequate, 
{M, N} is adequate. As p£M<lNn k, p< 0 m,n■ Therefore either M Dp = 

M fl p £ N, or N fl p £ M. Moreover, which of these three relations holds is 
determined by how M flaq and IVnoq are ordered, by Lemma 1 . 21 . It follows that 
(sup(IV fl p) : N £ Xfj} is a strictly increasing sequence of ordinals with order type 
at most uq. 

We claim that the set {sup(iV fl p) : N £ X M } is cofinal in p. The claim implies 
that p has cofinality less than or equal to uq in P[G], finishing the proof. Fix a 
name which is forced to be equal to the set X M defined above. 

Let 7 < p and (aq,..., aq, A) be a condition. By ( 3 ), there is N £ A 0 such that 
(aq,..., xk,A), 7, and p are in N, and (aq,..., aq, A U {N}) is a condition below 
(aq,..., aq, A). Since p £ N, (aq,..., aq, AU {N}) forces that N £ X^. As 7 £ N, 
7 < sup(iv n p). □ 
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§4. Adding a club 

In this section we give an example to illustrate the methods developed so far, 
by showing how to add a club subset of a stationary subset of 102 using adequate 
sets of models. Adding a club with finite conditions was the original application of 
the side conditions of Friedman [3] and Mitchell [12] . Later Neeman m defined a 
forcing for adding a club using his method of two-type side conditions. The forcing 
poset we develop in this section is the first example of a forcing which adds a club 
subset of W2 using conditions which are just finite sets of models ordered by reverse 
inclusion. 

The following general lemma will be used frequently in this section. 

Lemma 4.1. Let A be an adequate set. Let K , M, and A be in A, and £ £ Rm(N). 
Suppose that 9 = min((A' fl/«)\(). Then 

9 £ Rm(N) U R m {K) U R n (K). 

Proof. If 9 = £, then 9 £ Rm{N) and we are done. Assume that (< 9 , which 
means that £ K. If 9 < Pk,n, then 9 £ Rm(K) by Lemma 2.7. 

Suppose that Pk,n < 9. If Sk.n < C, then since ( £ N, we have that 

9 = min((A' fl k) \ Q £ Rn(K). 

Otherwise £ < /3k,n < 9. Then 9 = mm((KH k) \/3k,n)■ Since C £ (A C\/3k,n)\K, 
it follows that K < N. So 9 £ Rn(K). □ 

For the remainder of this section, let n = A = ui 2 - Recall that T* is a thin 
stationary subset of P Wl (w 2). We will also assume that 2 U>1 = 0J2, and hence that 
H(lo 2) has size W2. Fix a bijection g* : to 2 —S' H(u) 2 ). 

Let B denote the structure 

(H(u 2 ),£,<,T*,n*,C*,A,g*). 

Note that if A is a countable elementary substructure of B and iVnu2 £ T*, then 
N £ Xq. Also note that if M and N are countable elementary substructures of B 
and M C\ 0J2 £ N , then by the elementarity of M , M = g*[M fl W2], and hence by 
the elementarity of A, M £ N. 

Fix a stationary set S C oo 2 ncof(wi). We will define a forcing poset which adds 
a club subset of S U cof(w)0 

Definition 4.2. A finite set A of elementary substructures ofB in Xq is A-adequate 
if it is adequate, and for all M and A in A, Rm(N) C S. 

Recall that ( B , S ) is the structure B augmented with the additional predicate S. 
Note that the property of being A-adequate is definable in the structure ( B , A). 

Definition 4.3. Let P be the forcing poset consisting of A- adequate sets, ordered 
by reverse inclusion. 

We will show that P preserves all cardinals, and adds a club subset of AUcof(w). 
Note that since H(u> 2) has size 0J2 and P C H( W2), P has size 0J2 and thus 
preserves all cardinals greater than W2- 

'Afore generally, it is possible to add a club subset to a fat stationary subset of ujq using 
adequate sets as side conditions, but the argument is more complicated than the one which we 
give here. See [9]- 



26 


THOMAS GILTON AND JOHN KRUEGER 


Proposition 4.4. The forcing poset P is strongly proper on a stationary set. There¬ 
fore P satisfies the ixi-covering property and preserves ui\. 

Proof. Let TV be a countable elementary substructure of (B, S) such that TV n oj 2 £ 
T*. Note that TV £ Xq. Let Aq be in TV HP. Define A\ := Aq U {TV}. Observe that 
A\ is adequate, since for all M £ A 0 , M C\Pm,n = MC\uj 2 , which is in TV. Also A\ 
is S-adequate, because for all M £ A 0 , Rm(N) and Rn(M) are empty. Thus A\ 
is in P and A 3 < A 0 . 

We claim that A\ is a strongly TV-generic condition. By Lemma 3.4, it suffices 
to show that for all A 2 < A\, there exists B £ TV (~l P such that for all C < B in 
TV fl P, A 2 U C is S'-adequate. Let A 2 < A\. 

We claim that whenever As < A 2 , K and M are in A 3 , and M < TV, then 

Rmhn{K) U R k {M fl TV) C S. 

But this follows immediately from Lemma 2.3 and the fact that A 3 is S-adequate. 

By applying Proposition 1.25 and the last claim finitely many times, we get that 
the set 

A := A 2 U {M 0 TV : M £ A 2 , M < N} 

is S-adequate. Hence A £ P and A < A 2 . 

Let 

x:={J{Rm (TV) : M £ A}. 

Since x C N and x is finite, x £ N. 

The sets A and N witness that the following statement holds in (, B , S): 

There are B and N' such that B is S-adequate, A fl TV C B, N' £ B, and 
* = UI^aK^') : M £ B}. 

The parameters which appear in the above statement, namely A l~l TV and x, are 
members of TV. By the elementarity of TV, we can find B and TV' in TV which satisfy 
the same statement. 

Suppose that C £ TVflP and C < B. We claim that AuC is S-adequate, which 
finishes the proof. Note that if M £ A and M < TV, then AI n TV £ A. By Lemma 
1.19(2), M n Pm, n = TV I fl TV n oj 2 . Since M < TV, it follows that M fl TV n w 2 £ TV. 
But M fl TV = g*[M fl TV fl W 2 ] by the elementarity of M (~l TV, so M fl TV £ TV by 
the elementarity of TV. Hence the assumptions of Proposition 1.29 hold. Therefore 
A U C is adequate. 

To show that A U C is S-adequate, let M £ A and L £ C. Let f £ Rl{M), and 
we will show that ( £ S. By Lemmas 2.4(1) and 2.5(1), we have that 

c £ R n (M) U R l (M n TV). 

Since A and C are S-adequate, M and TV are in A, and L and M fl TV are in C, it 
follows that f £ S. 

Let 9 £ Rm(L). By Lemmas 2.4(2) and 2.5(2), either M < TV and 9 £ Rmc\n{L ), 
or there is £ £ Rm{N) such that 9 = min((L fl oj 2 ) \ £). In the first case, 9 £ S 
since C is S-adequate and M fl TV and L are in C. In the second case, £ £ x, and 
hence for some K £ B, £ £ Rk(N'). By Lennna 4.1, 

6 £ Rk(N') U R k (L) U Rn^L). 

Since K , L , and TV' are in C and C is S-adequate, it follows that 9 £ S. □ 
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Lemma 4.5. Suppose that M £ Xq and Q is in (Vo- Let p := Q fl ui 2 , and 
assume that cf(/3) = u>i and p £ M. Then M ~ M fl Q, Rm{M fl Q) = 0, 
and Rmdq{M ) = {/?}. 

Proof. By the comments after Notation 1.10, M fl Q £ Xq. By the elementarity of 
Q, f 3 is a limit point of A. Hence the ordinal 

Po := min(A \ sup(M D /?)) 

is less than p. By the definition of po, clearly 

Po € A m H A MnQ ■ 

And since M n Q fl w 2 C p 0 , p 0 is the maximal element of Am fl A MnQ- Therefore 
po = Pm,M nQ- As M fl Po = M n Q n Po, we have that M ~ M n Q. 

Since M fl Q fl w 2 Q Po = Pm,M nQ, Rm(M n Q) = 0. As M ~ M fl Q and 

P = min((M n w 2 ) \ Po) = min((M n u> 2 ) \ Pm,M nQ), 
we have that p £ RMnQ(LI). And the fact that M fl Q fl w 2 C /? 0 implies that 
Rmhq{M) = {/?}• □ 

Lemma 4.6. Let Q be an elementary substructure of (£>, S) such that Q has size 
wi and Q fl w 2 £ S. Let p := Q fl w 2 . Let Aq £ Q fl IP. Suppose that M £ Xq, and 
Aq and P are in M. Then P £ RMnQ(M), and 

A 0 U {M} U {M flQ} 

is a strongly Q-generic condition. 

Proof. Define A\ := Aq U {M}. Then A\ is 5-adequate and A\ < Aq. Namely, for 
all K £ Aq, K £ M implies that K fl Pk,m = K fl w 2 £ M. So K < M for all 
K £ Aq. Also Rk{M) and Rm(K) are both empty. 

Define A := A\ UjAfflQ}. By Proposition 1.33, A is adequate. We claim that A 
is S-adequate. So let K be in A\. If I\ £ Aq, then I\ £ MnQ. So Rk{M flQ) and 
^mcq(A') are empty. Suppose that K = M. Then by Lemma 4.5, M ~ M fl Q, 
Rm(M fl Q) = 0, and i?MnQ(Af) = {/?}. Since P £ S, we are done. 

Thus we have established that A is 5-adequate. We will show that A is strongly 
Q-generic. So let A 2 < A be given. 

We claim that for all A 3 < A 2 , for all K £ A 3 , A 3 U {K fl Q} is ^-adequate. 
By Proposition 1.33, A 3 U {K 0 Q} is adequate. To show that it is -S-adequate, let 
N £ A 3 , and we will show that Rn(K H Q) and RKnQ(N) are subsets of S. 

By Lemma 2.8(1), Rn{K 0 Q) C R^(K). Since K and N are in A 3 and A 3 is 
(S-adequate, Rn(K) C S. Thus Rn{K nQ) C S. Now suppose that Q £ RKnQ{N). 
Then by Lemma 2.8(2), either £ £ Rk(N), or £ = min((A r fl uj 2 ) \ p). In the first 
case, since K and N are in A 3 , we have that ( £ Rk(N) C S. Assume the second 
case. Since p £ Rmhq ( M ) by Lemma 4.5, and MnQ, M, and N are in A 3 , Lemma 
4.1 implies that £ is in RMnQ(M), RMnQ{N), or Rm(N). Since A 3 is 5-adequate, 
£ £ S, which proves the claim. 

By applying the claim finitely many times, we get that the set 
A* := A 2 U {K nQ \ K £ A 2 } 

is S'-adequate. 

Next we claim that for all K £ A 2 , K fl Q is in Q. By Lemma 1.30, K fl Q fl w 2 
is in Q. Since K and Q are elementary in B, K fl Q = g*[K fl Q fl w 2 ]. As Q is 
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elementary in B, K D Q = g*[K flQH W 2 ] is in Q. It follows that for all K £ A*, 
K n Q £ Q. 

Let B := A* fl Q. We will show that for any C < B in P n Q, A* U C is in¬ 
adequate, which finishes the proof. So let C < B be in P n Q. By the previous 
claim, for all K £ A*, K fl Q £ A* fl Q. And A* fl Q C C C Q. By Proposition 
1.35, A* U C is adequate. 

To prove that A* U C is S-adequate, let L £ C and N £ A*, and we will show 
that 

R l (N)UR n (L) C S. 

By Lemma 2.9(2), Rn{L) C R Nn q(L). Since L and NPiQ are in C, Rndq(L) C S. 
Hence Rn{L) C S. 

Let £ € Rl{N). Then by Lemma 2.9(1), either £ £ Rl(NC\Q), or £ = min((iV fl 
ui 2 ) \ 0). In the first case, since L and N fl Q are in C and C is 5-adequate, it 
follows that £ £ S. Assume the second case. Then since 0 £ I?moq(AL), and M, 
MnQ, and N are in A*, by Lemma 4.1 we have that £ is in Rmcq(M), Rmhq{ AT), 
or Rm(N). Since A* is S'-adequate, it follows that £ £ S'. □ 

Corollary 4.7. The forcing poset P is strongly proper on a stationary set. 
Therefore P preserves u >2 and has the u> 2 -covering property. 

Proof. Immediate from Lemma 4.6. □ 

Proposition 4.8. The forcing poset P adds a club subset of S U cof(w). 

Proof. Let C be a P-name for the set 

(N) : 3A £ G, M,N £ A}. 

It follows easily from Lemma 4.6 that P forces that C is cofinal in W 2 - 
We claim that P forces that 

lim(C') C S U cof(w), 

which completes the proof. Let 0 < u> 2 , and assume that A is a condition which 
forces that 0 is a limit point of C. We will prove that 0 is in S U cof(w). If 0 
has cofinality w, then we are done. So assume that cf(/3) = oji. We will show that 
0 £ S. 

Fix N £ Aq such that A and 0 are in N. Then A U {N} is an S-adequate set, 
and thus is in P. Since A U {N} < A, A U {A^} forces that 0 is a limit point of C 
with uncountable cofinality. Hence we can fix B < A U {N}, K and M in H, and 
7 £ Rk(M) such that 

sup(Af fl 0) < 7 < 0. 

Since 0 £ N, we have that 0 = min((iV fl W 2 ) \ 7 ). By Lennna 4.1, 
0€Rk(M)UR k (N)UR m (N). 

As B is S-adequate, it follows that 0 £ S. □ 

We remark that it is not necessary to assume that k is W 2 . If n > 0 J 2 , we can 
fix any stationary set S C Kflcof(><*;), and then the forcing poset P defined above 
will add a club subset of S U cof(w), and collapse k to become u 2 by Proposition 
3.12. 
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§5. 5-obedient side conditions 

We now generalize the idea of an 5-adequate set to the case when we have a 
sequence 5 of sets, instead of a single set 5. For the remainder of this section fix a 
sequence 5 = (S v : g < A), where each S v is a subset of k fl cof(>w). 

Definition 5.1. A set P G is 5-strong if for all r £ P fl k + , P fl k G S T . 

Note that if P is 5-strong, then cf(P fl k) > u, since PriKe5oCKn cof(> w). 
For the next two definitions, we fix a class y C ^o- The definitions of 5-adequate 
and 5-obedient are made relative to the class y. 

Definition 5.2. Let A be an adequate set. We say that A is 5-adequate if for all 
M and N in A and £ G Rm(N): 

(1) for all t € M fl N PI k + , ( G S T ; 

(2) if P € M fl y is S-strong and sup(iV n C) < P H k < £, then for all 
t €Nr\Pr\K + , ( e S T . 

Definition 5.3. A pair (A, B) is an 5-obedient side condition if: 

(1) A is an S-adequate set; 

(2) B is a finite set of S-strong models in 3^o; 

(3) for all M G A and P G B, if C, — min((M fl k) \ (P fl k)), then for all 
t g PnMrn+, c g S T . 

The next two lemmas show that we can add certain models to an 5-obedient 
side condition and preserve 5-obedience. 

Lemma 5.4. Let (A, B ) be an S-obedient side condition. 

(1) If N G X 0 and (A,B) G N, then ({TV}, 0) and (AU {N}, B) are S-obedient 
side conditions. 

(2) //Pg^o is S-strong and (A, B ) G P, then (0, {P}) and {A, B U {P}) are 
S-obedient side conditions. 

Proof. (2) is trivial. (1) The fact that ({iV}, 0) is an 5-obedient side condition is 
easy. The set AU{iV} is 5-adequate because for all M G A, M D/3m,at = Mfifc is in 
N, and Rm(N) and Rn(M) are empty. If P G P, then min((7Vri/v)\ (Prize)) = Prize. 
And if t G P fl N fl k + , then P fl k G 5 t since P is 5-strong. □ 

Lemma 5.5. Let (A, B) be an S-obedient side condition. 

(1) Let M and N be in A, and suppose that M < N. Then (A U {M fl N}, B) 
is an S-obedient side condition. 

(2) Let M G A and P G B. Then (A U {M fl P},B) is an S-obedient side 
condition. 

(3) Suppose that P and Q are in B and P(1 k < Qfln. Then (A, B U {P fl Q}) 
is an S-obedient side condition. 

Proof. (1) The set A U {M n ^V} is adequate by Proposition 1.25. To show that 
A U {M fl N} is 5-adequate, it suffices to show that for all K G A, {K , M fl N} is 
5-adequate. So let K G A be given. 

Let ( G Rk(M fl N). Then £ G Rk(M) by Lemma 2.3. Let r G Kn(MnN)r\n + , 
and we will show that ( G S T . Then r G K fl M, which implies that ( G S T since 
C G R k (M). 
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Suppose that P £ K D y is 5-strong and sup (M f1 JVn() <PflK<(. Let 
r £ (M n N) fl P fl k + , and we will show that £ £ S T . Since £ £ M (~l N (~l k, 
£ < /3m, jv- And since MnAin/« = Mn /3m, jv is an initial segment of M 0 k , 
sup(M n AT n C) = sup(M fl £). So sup(M n £) < P n n < £. Since £ £ Rk{M), it 
follows that £ £ S T . 

Let £ £ Rmc\n(K). Then by Lemma 2.3, either (i) £ £ Rm(K ) or (ii) £ £ 
Rn(K). Consider r £ K fl (M fl N) PI k + , and we will show that £ £ S T . Then 
r £ I\ fl M, so in case (i), £ £ S T . Also r £ K fl N, so in case (ii), £ £ S T . Suppose 
that P £ (Mn/V)n;y is 5-strong and sup(ATl£) <PCk<£. Let r £ /\ fiPriK + , 
and we will show that £ £ S T . Then P £ M fl y, so in case (i), £ £ S T . And 
P £ N n y, so in case (ii), £ £ S T . This completes the proof that A U {M fl N} is 
5-adequate. 

Let Q £ P, and suppose that £ = min((M n N n k) \ (Q fl n)). Since M < N, 
MflJVflK = M fl /3m, at, which is an initial segment of M fl n. Hence £ = 
min((M fl k) \ (Q fl k)). Let r £ (M n JV) n Q fl k + , and we will show that £ £ S T . 
Then r £ M fl Q, so £ £ S T since (A, B ) is 5-obedient. 

(2) Since P is 5-strong, cf(P fl k) > to. So clearly sup(M fl P fl k) < P fl k. It 
follows that A U {M fl P} is adequate by Proposition 1.33. 

To show that A U {M n P} is 5-adequate, let K £ A be given, and we will show 
that {K, A'l D P} is 5-adequate. 

Let £ £ Rk(MC\P). Then £ £ Rk{M) by Lemma 2.8. Let r £ A'n(MnP)riK + , 
and we will show that £ £ S T . Then r £ AT n M implies that £ £ S T . 

Suppose that Q £ AT n y is 5-strong and sup(M nPn£)<<5riK<£. Let 
r £ Q n (M nP)fl k + , and we will show that £ £ S T . Since £ £ P fl k and P fl k 
is an ordinal, sup(M nPfl£) = sup (M fl £). So sup(M fl £) < Q fl k < £. Since 
£ £ Rk{M), Q £ K fl y, and r £ M n Q } it follows that £ £ S T . 

Let £ £ RMnp(K). Then by Lemma 2.8, either (i) £ £ Rm{K) or (ii) £ = 
min((Af fl k) \ (P <1 n)). 

Let r £ (M nP) fl K Ck+, and we will show that £ £ S T . In case (i), r £ M C\K 
implies that £ £ S T since A is 5-adequate. In case (ii), r £ K fl P implies that 
£ £ S T since (A, B) is 5-obedient. 

Suppose that Q £ (M fl P) fl y is 5-strong and sup(A" fl £) < Q fl k < £. Let 
r £ K fl Q fl k + , and we will show that £ £ S T . In case (i), Q £ A'l PI y implies 
that £ £ 5 t since A is 5-adequate. In case (ii), since r £ Q and Q £ P, r £ P. So 
£ £ S T since (A, B ) is 5-obedient. This completes the proof that A U {M n P} is 
5-adequate. 

Let Q £ B, and suppose that £ = min((M fl P fl k) \ (Q fl k)). Let r £ 
(A'l n P) fl Q fl k + , and we will show that £ £ S T . Since P C n £ k, M fl P fl k is 
an initial segment of M fl k. Hence £ = min((M fl k) \ (Q fl k)). Since r £ M fl Q, 
it follows that £ £ S T since (A, B) is 5-obedient. 

(3) Note that since Pn«;<(5nK, Pn<5nK = PriK. 

To show that P fl Q is 5-strong, let r £ P fl Q fl k + . Then r £ P. Since P is 
5-strong, PnQnK = PflK£5 T . 

Let M £ A, and suppose that £ = min((M fl k) \ (P fl Q fl k)). Then £ = 
min((M(~I k) \ (PDk)). Let r £ Mfl (P(lQ)(ln + . Then r £ MflP, so £ £ S T . □ 
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We conclude the section with an easy lemma which will be used frequently for 
checking that certain models are 5-strong. 

Lemma 5.6. Suppose that N £ Xq U y o, Q £ N n 34), and P £ 34>- Suppose 
that P is S-strong and N -< A), £, 34), 5). Assume that Q D N D n + C P and 

P (~l k = Q n k. Then Q is S-strong. 

Proof. Since Q £ N, it sufhces to show that N models that Q is 5-strong. So let 
r £ Q fl N n k + . Since QnNClK + CP, t £ P. AsPis 5-strong, QPk = PP\k£ 
Sr- □ 


§6. The approximation property and factorization 

We briefly discuss the approximation property, and state the theorem on factor¬ 
ing a generic extension which we will use in the proof of Mitchell’s theorem in Part 
III. 

Let ( W\ , IV ‘2 ) be a pair of transitive class models of ZFC such that W\ C Wi- 
We say that the pair (Wi, W 2 ) satisfies the u>\-approximation property if, whenever 
X £ W 2 is a set of ordinals such that a fl X £ W\ whenever a £ W\ is countable in 
W\ , then the set X itself is in W %. 

The approximation property is due to Hamkins [5], and is similar to properties 
studied in Mitchell’s construction of a model with no Aronszajn trees on 0 J 2 EH- it 
plays a crucial role in the original proof of Mitchell’s theorem on the approachability 
ideal, as well as in the proof presented in Part III. 

We will use the following easy consequence of the approximation property. 

Lemma 6.1. Suppose that (W-i. W 2 ) satisfies the u>i-approximation property. As¬ 
sume that c is a set of ordinals of order type u>i in W 2 such that for all /3 < sup(c), 
c fl /? £ W\. Then c £ W\. 

Proof. To show that c £ Wi, it suffices to show that for any set a £ W\ which is 
countable in Wi, able £ W\. So let a £ W\ be countable in W\. Then a is countable 
in W 2 . Since c has order type wi, there is fl < sup(c) such that a fl c C c fl /3. By 
the assumption on c, cC\ (3 £ W\. Since c fl (3 and a are in Wi, a fl c = a fl (c fl /?) 
is in W\. □ 


In the original proof of Mitchell’s theorem, being able to factor a generic exten¬ 
sion in a way which satisfies the approximation property relied on what was called 
tidy strongly generic conditions (see Lemma 2.22 of (12]). However, the strongly 
generic conditions used in the present paper are not tidy. Therefore we need a 
different factorization theorem which is applicable in the present context; such a 
theorem was provided by Cox-Krueger [2] . 

Let us recall the property * introduced in [2j. 

Definition 6.2. Let Pi be a suborder of a forcing poset P 2 , where P 2 has greatest 
lower bounds. We say that Pi satisfies property *(Pi,P 2 ) if for all p £ Pi and 
q,r £ P 2 , if p, q, and r are pairwise compatible in P 2 , then p is compatible in P 2 
with q A r. 
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Note that if a forcing poset Q satisfies property *(Q, Q), then for any suborder 
P of Q, *(P, Q). 


Notation 6.3. Let Q be a forcing poset. If q £ Q and K is a subset of Q, let 
(Q /q)/K denote the forcing poset consisting of conditions s £ Q such that s < q, 
and s is compatible in Q with all conditions in K. 

The following result appears as Theorem 4.3 in [2]. 

Theorem 6.4 (Factorization theorem). Let Q be a forcing poset with greatest lower 
bounds satisfying *(Q,Q), x a regular cardinal with Aq < x, and TV -< (if(x),G 
,Q). Suppose that there are stationarily many models in P bJl (H(x)) which have 
universal strongly generic conditions. Assume that q is a universal strongly TV- 
generic condition. 

Then for any V-generic filter G on Q which contains q, V[G\ = V[G P TV] [if], 
where G n TV is a V-generic filter on Q fT TV, H is a V[G PI N]-generic filter on 
(Q/g)/(GnTV), and the pair (P[GPTV], P[G]) satisfies the uq- approximation prop¬ 
erty. 

This theorem will be used in the final argument of the proof of Mitchell’s theorem 
in Section 16. It is interesting to note that not all intermediate extensions of a 
strongly proper forcing extension satisfy the wi-approximation property; see Section 
5 of [2] for a counterexample. 


Part 2. Advanced side condition methods 
§7. Mitchell’s use of 

For the remainder of the paper we will assume and 2 K = k + . Also we let the 

cardinal A from Part I equal k + . Since 2 K = k + , H(k + ) has size k + . 

Notation 7.1. Let f* denote a bisection from k + to H(n + ). 

Notation 7.2. Fix a sequence C = ( C a : a < n + , a limit ) satisfying that for all 
limit a < n + : 

(1) C a is a club subset of a with ot (C a ) < n; in particular, if ci(a) < n then 
ot(G a ) < k; 

(2) if /3 £ lim(G a ), then Cg = C a n f3; 

(3) if a is a limit of limit ordinals, then every ordinal in C a is a limit ordinal; 

(4) if a = ao + lo for a limit ordinal ao, then ao £ lim(G Q ), and hence C ao = 
Ca P Oo ■ 

Properties (1) and (2) embody the standard definition of a square sequence. It 
is easy to modify a square sequence to also satisfy properties (3) and (4). For 
example, start by replacing each ordinal in C a with the greatest limit ordinal less 
than or equal to it. The details are left to the reader. 

Notation 7.3. For each limit ordinal a < k + and f3 < ot(Go,), let c a ,p denote the 
/3-th member of C a , that is, the unique 7 in C a such that ot (C a P 7 ) = /3. 

■^Almost all of the arguments in this section and the next are due to Mitchell, but adopted to 
the present context. 
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Notation 7.4. Fix a sequence A = (A Vt p : 77 < n + , j3 < k) satisfying the following 
properties: 

(1) for each rj < k + , {A Vj p : 8 < n} is an increasing and continuous sequence 
of sets with union equal to rj; 

( 2 ) Arf+i,/} = Afi'j) U { 77 }; 

(3) for all 77 < k + and (3 < n, l-A^I < |/3| • u>; 

(4) if £ G lim(C^) U A Vt p U lim (A Vt p), then A^p = A Vt p n f; 

(5) there exists a function c* : k —» k such that for all ri < k + and 8 < k, 

ot ( A v,0) < c *(P); 

(6) if 8 < ot (Crf), then A V) p C c Vt p and lim(C' r? ) D c Vt p C A Vt p; 

(7) if 7 G g\C v , then 7 G A v ^ iff 

7 € ^min(c ,\ 7 ),/3 and min(C T? \ 7 ) G A Vi p] 

(8) if £ € lim(A IJ)i g) (7 77 and ot(Cj) < 8 , then f G A Vtl g. 

Properties (1), (2), and (3) describe a typical kind of filtration of each ordinal 
?7 < k + . The coherence property (4) is one of the most often used facts in the 
paper. It gives sufficient conditions for coherence to hold between A^ p and A v ^, 
where £ < 77 . If £ is a limit point of C v , then 

V/3 < k A^p = A Vi p n f. 

And if 8 < k and f is either in A v ^p, or a limit point of A^^p, then 

Af ,/3 = A Vt p n £. 

We recommend that the reader memorize this important fact before proceeding. 

Property (5) follows immediately from property (3) in the case when k is weakly 
inaccessible, by letting c*( 8 ) = 8 + ■ This property is only used in one lemma in 
the paper, namely Lemma 8 . 6 . Likewise, properties ( 6 ), (7), and ( 8 ) are technical 
facts about A which are only used in Lemmas 8.10 and 8.11, and in several places 
in Section 12. There is no harm in the reader forgetting about properties (5)—( 8 ) 
for now, and just looking back at them later in the rare places that they are used. 

Theorem 7.5 (Mitchell [12]L A ssume that n is weakly inaccessible and C is a 
sequence as in Notation 7 .2. Then there exists a sequence A as described in Notation 
7.4. 

Mitchell constructs the sequence A using the square sequence C in a careful way. 
The only place where the weak inaccessibility of k is used is to derive property (5) 
from property (3), as mentioned above. If n is weakly inaccessible in an inner model 
W which satisfies □«, and (n + ) w = (n + ) v , then the sequence A constructed in W 
still satisfies properties (1)—( 8 ) in V by upwards absoluteness. For example, if V is 
obtained from W by collapsing k to become u >2 while preserving k + , then there is 
a sequence A as above in V. 

The construction of A appears in [12j Section 3.1]. We do not repeat it here 
because it is technical and not helpful for understanding the other material in our 
paper. 

Notation 7.6. Let A denote some expansion of the structure 
{H (k+), G, <, K, T*, TT*,C*, A, y 0 , f*,C, A, C*). 
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Note that A is an expansion of the structure described in Notations 1.9 and 1.10. 
Thus any elementary substructure of A is also an elementary substructure of that 
structure. 

Notation 7.7. Let X denote the set of M in P Ui (H(k + )) such that M H n £ T*, 
M -< A, and lim(C sup (M)) H M is cofinal in sup(M). 

Notation 7.8. Let y denote the set of P in P k (H(k + )) such that P (1 k £ n, 
P -< A, and lim(C' sup (p)) H P is cofinal in sup(P). 

Note that X C X 0 and where X 0 and were defined in Notations 1.9 

and 1.100 

Observe that by elementarity, for any M £ X and P £ y, M = f*[M 0 k + ] and 
P = f* [P O k + ] . In particular, if M and N are in X U y and M 0 n + £ N, then by 
elementarity, M £ N. 

As a result of the presence of the well-ordering <, the structure A described in 
Notation 7.6 has definable Skolem functions. Let (r n : n < u>) be a complete list of 
definable Skolem terms for A. For any set a C H(k + ), let Sk(a) denote the closure 
of a under the Skolem terms. 

For n < oj and m equal to the arity of r n , we define a partial function T' n : 
( K + ) m —> k + by letting rf(ao, ■ ■ ■, a m _i) = T r (a o,..., a m _i), provided that this 
is an ordinal, and otherwise is undefined. Note that T' n is also definable in A. 

Notation 7.9. Let H* : (k + ) <lu —> n + be a function such that any elementary 
substructure of A is closed under H*, and whenever a C k + is closed under H*, 
then Sk(a) 0 n + = a. In addition, a is closed under H* iff a is closed under rf for 
all n < oj. 

The existence of such a function H* is proved by standard arguments. Note 
that if a is a set of ordinals closed under H *, then Sk(a) = f*[a). In particular, 
if M £ X U y and a £ M is a set of ordinals which is closed under H *, then by 
elementarity, Sk(a) £ M. 

The next simple lemma will prove very useful throughout the paper. 

Lemma 7.10. Suppose that N £ X uy, a is a set of ordinals in N, and for some 

set b which is closed under H*, N n a = N n b. Then a is closed under H*. 

Proof. It suffices to show that a is closed under rf for all n < u>. Fix n < w, 

and let k be the arity of r' n . Since a £ N and rf is definable in A, it suffices to 

show that N models that a is closed under t' v . Let do,..., otk -i £ N D a. Then 
op, ■ ■ •, cKfc-i £ N (~l b. Since N and b are both closed under H*, they are closed 
under r' n . So r^(c ko, ..., CKfc-i) £ N D b. Since N fl b C a, rf(ao ,..., dfc-i) £ a. □ 

In the remainder of this section, we will provide a thorough analysis of the models 
in X and y. 

The following notation will be useful. 

Notation 7.11. Let N C H(n + ) be a set and 7 £ k + (lsup(N). Let "/jv denote the 
ordinal min((AT fl k + ) \ 7 ). 

Recall that if a is a set of ordinals, then cl(a) denotes the set a U lirn(a). 

' [’lie requirement that lim(C sup (x)) H X is cofinal in sup(.Y) appears in Mitchell’s definition 
of a model ( |l2l Definition 3.14]). We do not, however, assume that ot(C sup (jjf)) f X, as in his 
definition. 
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Lemma 7.12. Let N £ Xuy and 77 £ cl (N), and suppose that 77 < sup (N). Then 
either p £ N or p £ lim(C'^ JV ). Hence: 

(1) C v = C VN n rj; 

(2) A v> £ = A vn £ n rj for all f < n; 

( 3 ) N n A vn ^ = N fl A n £ for all £ < k. 

Proof. If 77 £ N, then = 77, and ( 1 ), ( 2 ), and ( 3 ) are trivial. 

Suppose that 77 < and we will show that 77 € lim(C' 7?JV ). Let 7 < 77. Since 
77 £ cl(iV) \ N, 77 £ lim(TV). So we can fix er £ (IV fl 77) \ 7. Now G N 
and a G N fl 77 jv, so by elementarity there is S G C VN fl N larger than a. Then 
6 € N Ht/n C rj. So 7 < 6 < 77 and 6 G C VN . This proves that 77 G lim(C' 7?N ). 

( 1 ) follows from the definition of a square sequence, and ( 2 ) follows from Notation 
7 . 4 ( 4 ). For ( 3 ), since N (1 tjn = N C\ p, it follows that for all £ < n, 


n n a vn ^ = Nn A VNti n 77 = ivn A v ^. 


□ 


Lemma 7.13. Let N £ Xuy, and suppose that 77 G cl(iV) \ N. Then lim(C' r; ) fl N 
is cofinal in 77 . 

Proof. Note that 77 G lim(lV). If 77 = sup(-ZV), then the statement of the lemma 
follows from the definitions of X and y. Otherwise by Lemma 7.12, C v = fl 77 . 
Let 7 < 77 . Since rj G lim(IV), we can fix er £ IV fl 77 larger than 7 . As 77 < rjj^, 77 ^ 
has uncountable cofinality. So certainly lim(C' r)JV ) is cofinal in r]N. By elementarity, 
we can find S G lim(C ??JV ) fl 77 ^ 0 N which is larger than a. Then S < rj. Since 
C v = C VN D 77, it follows that S G lim (C v ). Thus 7 <6 and S G lim(C ?? ) fl N. □ 

The next lemma is standard. 

Lemma 7.14. Suppose that P G P k (H(k + )), P -< (H(k + ),£), P 0 k G k, and 
cf(P fl k) > ui. Assume that 7 is a limit point of P 0 k + below sup(P), and 
cf( 7 ) < cf(P fl k). Then 7 G P. 

Proof. Suppose for a contradiction that 7 ^ P. Then 7 p is in P and 7 < 7 p. By 
elementarity, we can fix an increasing and cofinal function / : cf(yp) —> 7 p which 
is in P. Since 7 p < k + , either cf( 7 p) < n or cf( 7 p) = k. In the first case, cf( 7 p) G 
POk G k implies that cf( 7 p) C P. By elementarity, /[cf(yp)] C Pflyp C 7 , which 
is impossible since /[cf( 7 p)] is cofinal in 7 p and 7 < 7 p. Therefore cf( 7 p) = k. By 
elementarity, / ( P fl n is cofinal in P n 7 p, and hence is cofinal in 7 . But then 7 
has cofinality equal to cf(P fl k), which contradicts our assumption on 7 . □ 

Lemma 7.15. Let P G P k (H(k + )) with P fl k G k and P < A. If cf(P fl k) > lo 
and cf(sup(P)) > ui, then P G y. 

Proof. Let a := sup(P). By the definition of 3d it suffices to show that lim(C (7 )nP 
is cofinal in a. So let f < a. Since sup(P) = a has uncountable cofinality, there 
exists a sequence (j n : n < to) increasing and bounded below a such that £ < 70, 
7 n G P if n is even, and 7„ G C a if n is odd. Let 7 be the supremum of this sequence. 
Then 7 is a limit point of P which is strictly below sup(P) with cofinality co. Since 
cf(P fl k) > lo, cf(y) < cf(P fl k). So 7 G P by Lemma 7 . 14 . On the other hand, 7 
is a limit point of C a . So £ < 7 and 7 G lim(C (7 ) fl P. □ 
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Lemma 7.16. Let M and TV be in XLiy, and assume that {M, TV} is adequate in 
the case that M and TV are in X. Then MnN € X U y. Specifically: 

(1) if M eX and TV £ XU y, then MnN £ X; 

(2) ifMey and N € y, then M n TV £ y ■ 

Proof. Obviously TVf fl TV is an elementary substructure of A. If TVf £ X, then 
TVf fl TV £ Xq by Lemma 1.23 and the comment after Notation 1.10. Hence TVf fl 
TV fl k £ T*. And if M and TV are in y, then M fl IV fl k = min{M fl re, TV fl re} £ re. 
Let a := sup(M fl TV). It remains to show that lim(C ct ) fl (TVf fl TV) is cofinal in a. 

First we claim that lim(C' Q ,) DM and lim(C a )n TV are cofinal in a. Since AfnTVf] 
re + is closed under successors, it does not have a maximum element, and therefore a 
is a limit point of MnN flre + . As a £ lim(M), if a £ TVf then \\m(C a )nM is cofinal 
in a by Lemma 7.13, and similarly with TV. So if a is neither in TVf nor TV, then 
the claim is proved. Assume that a is in one of them. Since a = sup (M 0 TV), a 
cannot be in both in M and TV. Without loss of generality, assume that a £ N\M. 
Then lim(C l Q ,) fl M is cofinal in a as just observed, and so in particular, lim(C l ct ) is 
cofinal in a. By the elementarity of TV, and since a £ TV and also a is a limit point 
of TV, easily lim(C Q ,) fl TV is cofinal in a. This completes the proof of the claim. 

To show that lim(C ct ) fl (M fl TV) is cofinal in a, let 7 < a. Fix 7 ' £ M fl TV fl n + 
with 7 < 7 '. Let a = min(lim(C' ct )\ 7 / ). We claim that er £ MnN, which completes 
the proof. Since lim (C a )nM is cofinal in a, we can fix rj £ lim(C' a )nM with a < r). 
As r) £ lim(C' Q ), = C a C\r]. Therefore a = min(lim(C 7? ) \ 7 ')- Since 17 and 7 ' are 
in M, a £ M by elementarity. The same argument shows that a £ TV. □ 

We now introduce the idea of a simple modelQ These are the models for which 
there exist strongly generic conditions. To motivate the definition, we prove a 
bound on ot(C sup ^))• 

Lemma 7.17. Let TV £ X U y. If ?y £ lim(TV), then ot(C v ) £ cl(TV fl k ). In 
particular, ot(C , sup (jv)) < sup(TVn k). 

Proof. Since ry £ lim(TV) and |TV| < k , it follows that cf(77) < n. If 77 £ TV, then 
ot(C v ) £ TV fl k by elementarity. Assume that 77 is not in TV. Then 77 £ cl(TV) \ TV. 
By Lemma 7.13, lim(C I? ) fl TV is cofinal in 77. We claim that ot (C v ) is a limit point 
of TV fl k. Let 7 < ot(C ?7 ). Then we can find S £ lim(C ?? ) fl TV such that 

7 < ot(C v fl S) = ot(Cj) < ot (C v ). 

Since 5 £ TV, ot(Cj) £ Nnot(C v ). So 7 < ot (Cs) < ot (C v ) and ot(Cj) £ TVPIk. □ 

Definition 7.18. Let TV £ X LI y. We say that TV is simple if ot(C' sup (j V )) = 
sup(TV fl k). 

We prove next that there exist stationarily many simple models in X. 

Lemma 7.19. Let TV £ X U y and 5 := sup(TV). Then for all £ G TV 0 o^Cj), 
c« £ N. 

Proof. Let £ £ TV fl ot(C , 5 ). Then £ < ot(Cj). As lim(Cj) fl TV is cofinal S, we can 
fix 77 £ lim(C , 5 ) D TV such that £ < ot(C 5 D 77) = ot (C v ). Hence eg^ = c v ^. Since 77 
and ^ are in TV, by elementarity, c V: £ is in TV. □ 


■''This is the same idea as described in 12] Section 3.3]. 
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Proposition 7.20. The collection of models in X which are simple is stationary 
in P Ui (H(k + )). 

Proof. Let F : H(k + ) <u —» H(k + ), and we will find a simple model in X which 
is closed under F. Fix X of size re such that X -< A, X is closed under F. and 
9 := X fl re + has cofinality re. Let c : re —> 9 be the function c(£) = c$£ for all f < re. 
Since T* is stationary in P Wl (re) and X -< A, we can find M £ P ull (X) which is 
closed under F such that 

M n re £ T*, M ~< A, and M -< (X, e, C e , c). 

Let 5 := sup(M). 

We claim that M is in X and is simple. To show that M £ X , it suffices to 
show that lim(C', 5 ) fl M is cofinal in S. By elementarity, clearly 6 £ \im(Cg). Hence 
Cg = Cg fi S. As M is closed under c, for all £ £ M fl re, 

c(0 = co t £ £ M n re + C i5. 

Thus c(0 £ Cg l~l <5 = C 5 . So c(£) = eg^ = cg^. It follows by elementarity that 
(c(£) : f £ M fi re} is increasing and cofinal in M fl 6 . In particular, the set 
(c(£) : f £ M n re, f limit} witnesses that lim (C 5 ) fl M is cohnal S. 

It remains to show that M is simple, which means that ot(C < 5 ) = sup(Mnre). We 
know that ot(C',s) < sup(M fi re) by Lemma 7.17. Suppose for a contradiction that 
ot(C7«) < sup(Mnre). Fix/3 £ ( Mr\K)\ot(Cg ). Thenc(/3) £ M by elementarity. But 
c(/3) = c$ t p = cg } p, as previously observed, which is absurd since ot(C'a) < /?. □ 

Regarding the stationarity of simple models in y, see Lemma 8.3 and Proposition 
14.2. 

Next we will show that a model M in X U y is determined by sup(M fi re) and 
sup(M). 

Notation 7.21. Consider 77 < re + and (3 < re. For 7 < ot (A Vt p), let a Vt p tJ be equal 
to the 'y-th element of A Vt p. Define ir v : re x re —> 77 by letting 77 ,( 7 , fl) = a Vt p t -, if 
7 < ot (A Vt p), and 0 otherwise. 

Note that 77 , is a surjection of re x re onto 77 . Also if £ € A Vt p, then f = 

77 ,(ot(A , )(8 0 £).£)• 

Observe that 77 , is definable in the structure A. 

Lemma 7.22. Let 77 < re + and /3 < re. Suppose that 

5 £ lim(C' ?7 ) U A Vt p U lin^A,,^) 

and 7 < ot {Ag : p). Then a Vt p n = ag t p n . So 77 ,( 7 ,/?) = 715 ( 7 ,/?). 

Proof. By Notation 7.4(4), Ag t p = A Vt p fl S , so clearly a Vt p n = ag t p tl . □ 

Lemma 7.23. Let N £ X U y. Then 

N n re + = { 7 T sup(JV ) ( 7 , P) : T, P £ N n re}. 

Proof. Let 77 := sup(N). Suppose that 7 and /? are in AT Ore, and we will show that 
77 ,( 7 ,/?) £ N. This is obvious if 77 ,( 7 ,/?) = 0. So assume that 7 < ot(A^^) and 
77 ,( 7 , /?) = cir/,/ 3 , 7 . Since N £ X U y, lim(C r ,) fl N is cofinal in 77 . As a v ,p n < 77 , 
we can fix 5 £ lim(C T ,) fl N such that a Vt p t -y < 6. Since Ag t p = A v ^ 0 S , clearly 
7 < ot (Ag t p). By Lemma 7.22, 77 ,( 7 , /?) = 715 ( 7 , 73 ). As 6, 7 , and /3 are in N, 
715 ( 7 ,/?) € N by elementarity. 
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Conversely, let £ € N <1 k + be given, and we will find 7 and /? in N (~l k such 
that tt v ( 7 ,/?) = f. Since lim(C' 7? ) Cl N is cofinal in 77, we can fix S £ lim(C' r) ) (~l N 
such that f < 6 . Then £ and 5 are in N. By elementarity, there is /? G N D k 
such that £ G Let 7 := o^Ay^ n £). Since (5, /?, and £ are in iV, 7 G -ZV. As 
noted after Notation 7.21, = 775(7,/?) = £■ Since <? G lim (C v ), by Lennna 

7-22, 7^(7,/?) = 775(7,/?) = f. □ 

Lemma 7.24. Let M and N be in X U y, and suppose that M (~l k and sup(M) 
are in N. Then M £ N. 

Proof. Since M = f*[M (~Ik + ], by elementarity it suffices to show that M flK + £ N. 
Let 77 := sup(M). Then 

M Cl k + = {717(7, /?) : 7, /? £ M fl k} 

by Lemma 7.23. Since 77 and M fl k are in N, M fl k + £ N by elementarity. □ 


The next topic we consider is the set A sup (M),sup(MnK)> where M £ X U y. 

Lemma 7.25. Let M £ X U y. Then M fl k + C A sup ( M ) iSup ( MnK ) . 

Proof. Let f £ M C I k + . Since lim(C sup ( M )) fl M is cofinal in sup(M), we can 
fix a £ lim(( 7 sup (M)) Cl M which is strictly greater than £. By elementarity, we 
can fix [3 £ M fl k such that f £ A ay p. Since a £ lim(C sup (M))> we have that 
A a ,p = A s up(M),/3 Cl cr. Hence f £ A sup(M)>/3 . As /? £ M n k, /? < sup(M Cl k). 
Tlreicfore A sup (^y^ £ j 4 sup(M),sup(Mn^)- Hence f £ A gup (^^ sup (^p, K p E? 

Lemma 7.26. Let Q £ y. Then Q C1 k + = ^4 SU p(Q),QnK- 

Proof. By Lemma 7 . 25 , we have that Q Cl k + C A sup (g) q P k . Conversely, let f £ 
^sup(Q).QnK) and we will show that f £ Q. Since lim(C sup (Q)) Cl Q is cofinal in 
sup(Q), we can fix a £ lim(C' sup (Q)) Cl Q which is strictly greater than f. As 
cr G lim(C sup (Q)), A a> Q n «; = A sup( Q) i Q nK n cr. Therefore f £ A CT ,Q nK . Since Q Cl k 
is a limit ordinal, we can fix fj < Q fl n such that f £ A a j 3. Then cr and /? are in 
Q, and hence A a j 3 G Q. Since |A CTi| g| < k by Notation 7 . 4 ( 3 ), A a jj C Q. Therefore 
f £ Q. D 

Lemma 7.27. Let Q £ y and 77 G cl(Q). Then Q Cl 77 = A Vt Q nK . 

Proof. By Lemma 7 . 26 , Q Cl k + = H sup( Q) Q nK . Since 77 G cl(Q), 

V S ^ 4 sup(Q),QriK U lim(A sup (Q7Q nre ). 

By Notation 7 . 4 ( 4 ), 

A^^qcik ^-sup(Q),QnK Cl 77 = Q Cl 77. 

□ 

Lemma 7.28. Suppose that P\ and P 2 are in y. 

( 1 ) If P\ Cl k < P 2 Cl k and 77 G cl(Pi) Cl cl(P 2 ), then Pl Cl 77 C P 2 fl 77. 

( 2 ) If Pi fl k < P 2 Cl k and rj G Pi Cl P 2 Cl cof ( k ), then Pi Cl 77 G P 2 . In particular, 
sup(Pi Cl 77) G P 2 Cl 77. 
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Proof. By Lemma 7 . 27 , under the assumptions of either ( 1 ) or ( 2 ), we have that 
Pi n r? = A VtPl n K , and P 2 n 7? = A Vt p 2nK . 

( 1 ) If P\Pk < P 2 n At, then clearly A Vt p ir[K C A Vt p 3 n K . Therefore PiPIt? C P 2 nr/. 

( 2 ) If Pi fl At < P 2 fl At, then Pi n At G P 2 . So Pi fl At and 77 are in P 2 , and hence 

^4)7,PinK = Pi (~l 77 is in P 2 by elementarity. Since 77 has cofinality At, sup(Pi n77) < 77. 
So sup(Pi n 77) G P 2 fl ry. □ 

Lemma 7.29. Let M G X. Let A := ^4 S up(M),sup(Mn/t) • Then A is closed under 
H*, iriK = sup(M fl At), and sup(A) = sup(M). 

Proof. To show that A is closed under H*, it suffices to show that for each n < oj, 
A is closed under r' n . At the same time, we will show that sup(M fl At) C A. So hx 
n < oj, and let k be the arity of r' n . Let ao,..., a k -1 G A and P < sup(M fl At), and 
we will show that T' n (a 0,..., ak- 1) and P are in A. Fix 770 G lim(C sup (M)) F M such 
that ao,..., ak -1 and Pm are strictly less than 770. Then A n rjo = d, 0|Sup (M n /t)- 
So «0) • • •, ak~i are in A I)0>sup (MnK)- Also Pm G M fl At C A by Lemma 7 . 25 , so 
also Pm G A^ 0>sup (Mnfc)- As sup (M fl At) is a limit ordinal, we can fix an infinite 
7 G M n At such that ao,..., ak -1 and Pm are in A Wj7 . 

By the elementarity of A/, we can fix 771 G M strictly greater than 770 such that 
771 is closed under r' n . Fix 772 G lim(C' sup (M)) Fl M with 771 < rj 2 . Since 770 < 771 
and 771 is closed under r' n , for all 70,..., 7fc_i in A V0t7 , r' n { 70,..., 7fe-i) < m < V 2 - 
Dehne a function h : A^ o/y —>• n by letting h{ 70,..., 7fc-i) be the least ordinal f < n 
such that r^(7o,... ,7fc-i) and all ordinals below Pm are in A V2 j( c. Since 770, 7, rj 2 , 
and Pm are in M, by elementarity h is in M. 

Now the domain of h has size | A^ o | < |y| < n. So there exists a minimal 
f < k such that h[A^ 0 ^] C £. By elementarity, ^ G M D n. In particular, 6 := 
h{a 0 ,..., ak- 1 ) is less than £. That means r^(ao, ■ ■ ■, ak- 1 ) and P are in A V2 s C 
A V2 ^. Since 772 G lim(C sup(M) ), A m ^ = A sup ( M)j? n 772 . So r'(a 0 ,.. .,a k - 1 ) and p 
are in A sup r M ),£ F A sup (M),sup(Mn/c) = A. This completes the proof that A is closed 
under r' for all n < oj and sup(M fl k) C A. It follows that A is closed under H*. 

Now A is the union of sets of the form Ag^, where 5 G lim(C sup ( M )) fl M and 
P G M fl k, and each such set is in M. Thus each such set A$j-j satisfies that 
sup(Aa jj a flc) < sup(M fl k). It follows that sup(A fl At) < sup(M n At). But we 
just proved that sup(M fl At) C A, and therefore sup(M fl At) = A fl At. By the 
definition of A, obviously A C sup (M). And since M n At + C A by Lemma 7 . 25 , 
sup(A) = sup (M). □ 


We conclude this section with two technical lemmas which will be useful later. 

Lemma 7.30. Let N G X , a G N , and t G N fl At + . Suppose that cf(r) > oj. If 
a ft [sup(IV fl r), t) 7^ 0, then t is a limit point of a. 

Proof. If r is not a limit point of a, then sup(a Hr) < r. Since a and r are in 
N, sup(a fir) G N fl r by elementarity. Hence sup(a fl r) < sup(A r fl r), which 
contradicts the assumption that a fl [sup(./V fl r), r) 7 ^ 0. □ 

Lemma 7.31. Let N G X. Suppose that 77 G N fl At + and P G N fl At. Let 
f G A Vt p \ N. Then f G A ?w>/3 . 
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Proof. Note that since 77 G N and £ < 77 , £jv exists. Since £ ^ IV, £ < £jy. It follows 
that cf(£jv) > w, since otherwise N fl £at would be cofinal in £at by elementarily. 
Also sup (IV n^Ar) < £. Since A,,^ G IV and £ G A,,^ n [sup(7Vn£jv),£Ar), it follows 
that £at is a limit point of by Lemma 7.30. So A^ n j 3 = A, h p fl £at. Since 
£ G Ar, t p n £ at , £ G A^ Nt p. □ 


§8. Interaction of models past k 

The method of adequate sets, which we dealt with in Part I, handles the inter¬ 
action of countable elementary substructures below n. In this section we will show 
how the coherent filtration system A from Section 7 can be used to control the 
interaction of models between n and n + . 

Notation 8.1. For M and N in Xuy, let cxm,n denote the ordinal sup(M n AT). 

As we discussed in Section 1 in the paragraph after Propostion 1.29, if M < N, 
in general it does not necessarily follow that M HIV G N. The next lemma describes 
a situation in which this implication does hold. 

Lemma 8.2. Let M and N be in X U y, where N is simple. Suppose that: 

(1) M and N are in X and M < N , or 

(2) M and N are in y and M fl k < N fl k, or 

(3) M G X, N & y, and sup(M fl N PI re) < N fl k. 

Then M fl N G IV. In particular, cvm,n G N. 

Proof. By Lemma 1.30, MnNdK G N. Therefore by elementarily, cl(MnNr\n) G 
N. We claim that 

cl (M n N n k) c n n k. 

If Mn N is countable, then so is cl(Mfl NC\k). Since cl(Mfl NC\k) G IV, it follows 
that cl(M fl N fl k) C N (~l k. If M fl N is uncountable, then M and N are both in 
y. So M fl k < N fl k by (2), and hence MnJVflK = MnK. Therefore 

cl (M n N n «) = (M n «) u {M n «}, 

which is a subset of N fl k. 

Next we claim that 

(N fl k + ) \ cum.at 7 ^ 0- 

Suppose for a contradiction that (N D k + ) \cim,jv = 0, which means that sup(lV) = 
(xm,n- Since N is simple, it follows that 

°t(Ca M ,w) = sup(IV n k). 

But ot(C aM N ) G cl(M fl N fl k) by Lemma 7.17. By the first claim, it follows that 
ot(C aMN ) GlVriK, which contradicts that ot [C aM N ) = sup(IV fl n). 

Let a := min((iV fl n + ) \ cim,n )• By Lemma 7.23, 

M n iv n K+ = { 7 T aM N ( 7 , P) ■ 7 , P e M n N n «}. 

We claim that for all 7 , ft G M fl N fl k, TT aM ,N (7> P) = 7 r a(7 ) ft)- This is immediate 
if a = cxm,n , so assume that cxm,n £ IV. Then by Lemma 7.12, cxm,n G lim(C a ). 
Fix 7 and /? in M fl N fl k. 

First, assume that ot(A Qjj g) < 7 . Then 7 r a ( 7 ,/ 3 ) = 0. Since A aM<Nt p = A a fl 
&m,n, clearly ot(A aM Nt0 ) < ot(A a> ^) < 7 . So ^ aM ^ N {x,P) = 0. Secondly, assume 
that 7 < ot(A q,^), so that 7 r Q ( 7 ,/ 3 ) = a aj) g >7 . Since a, 7 , and /3 are in IV, a aj/ a >7 G 
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N n a c ocm,n• As A aM ' Ntt 3 = A a ,p D oim,n, clearly 7 < ot{A aM N ^). By Lemma 
7.22, it & (7 5 P ) = 7t Qmn (7,/3). 

It follows that 

M n TV (~l k + = {7r a (7, /?) : 7, /3 G M D N n «}. 

Since a and M fl iV fl k are in N, so is M (~l N n k + by elementarity. Hence by 
elementarity, M fl IV = f*[M fl N fl k + } G 77, and sup(M fl N) = cxm,n € N. □ 

Lemma 8.3. Let P G y, and assume that cf(sup(P)) = PflK. Then P is simple. 
Proof. Since Cs Up (p) is cofinal in sup(P), 

p n K = cf(sup(P)) < Ot(C' sup( p ) ). 

On the other hand, as sup(P) G lim(P), Lemma 7.17 implies that 
°t(Csu P (p)) g ci(P n k) = (P n k) u {p n «}. 

Hence ot(C sup (p)) < P 0 k. Therefore P fl k = ot(C sup (p)), and P is simple. □ 

Lemma 8.4. Let P G y, and assume that cf(sup(P)) = P H k. If M G X, then 
M n P G P. If Q € y and Q fl k < P 0 k, fften Q fl P G P. 

Proof. By Lemma 8.3, P is simple. Since cf(sup(P)) = P H k, P fl k is a regular 
cardinal. Obviously ui < P fl k, so P fl k is a regular uncountable cardinal. If 
M G X , then sup(MnPflK) <POk since sup(MflPnft) has countable cofinality. 
By Lemma 8.2, we are done. □ 

Lemma 8.5. Let M G X and N G X U y, where {M,N} is adequate if N G X, 
and sup(M nlVnft) < N n k if N & y. Then 

lim(M) fl lim(IV) C chm,n + 1- 

Proof. Let 77 G lim(M) fl lim(A r ), and we will show that i) < cvm,n■ By Lemma 

7.17, 

o t(C v ) g ci(M n k) n ci(iv n n). 

Since 77 is a limit point of M and M is countable, 77 has cofinality u>. Therefore 
ot(C,,) has cofinality u. We claim that ot (C v ) is a limit point of MOk. If ot(C' 7J ) G 
M, then since ot(C v ) has countable cofinality, easily Mnot(C' r) ) is cohnal in ot(C v ) 
by elementarity. Hence ot(C v ) is a limit point of M fl n. Otherwise if o t(C v ) M, 

then since o t(C v ) G cl(M fl k), it follows immediately that o t(C v ) is in lim(M 0 k). 
Next we claim that 

ot (C v ) G cl(M n N 0 k). 

First, assume that N G X. Then by Lemma 1.20, 

ot^,,) g ci(M n k) n ci(iv n k) = ci(M n N n «). 

Secondly, assume that N G y. Now 

ot(C v ) g ci(iv n k) = (N n k) u {n n «}. 

So o t(C v ) < N fl k. Since sup(M r\Nr\n)<Nr\K and o t(C v ) is a limit point of 
M fl k, it cannot be the case that ot (C v ) = N 0 n. Therefore ot (C v ) < N fl k. By 
Lemma 1.31, 

cl (M n N n k) = cl(M n k) n ci(iv n k) n (N n «). 

Since ot (C v ) is in the set on the right, it is in cl(M 0 N 0 n). 
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Now we claim that 

ot(C v ) £ lim(M Cl N Cl k). 

As ot (C v ) £ cl(MnNnn), either ot (C v ) £ MDNDk, or ot (C v ) £ lim(M ( 1 N (1 k) . 
In the latter case, we are done. In the former case, since ot (C v ) has cofinality w, 
by the elementarity of M 0 N, clearly M fl TV D n is cofinal in ot (C v ), so again 
ot(C v ) £ lim(M fl N fl k). 

Finally, we are ready to prove that rj < o,m,n■ Suppose for a contradiction that 
otM,N < V- Since ot(C'^) is a limit point of M(INHk, we can fix 7 e Mfl N not(C' 7J ) 
such that cxm,n < c -qrr We claim that c rir/ £ M fl N. which is a contradiction 
since M fl N fl k + C oim,n- If 77 £ M, then obviously c vn £ M by elementarity. 
Otherwise 77 £ cl(M) \ M. By Lemma 7.13, lim(C' r? ) OM is cofinal in ?y. So we can 
fix 6 £ lim(C' r; ) 0 M such that c v )7 < 6 . Then clearly c v ^ = C 5 >7 , which is in M by 
elementarity. The proof that c nrf £ N is the same. □ 


We now turn to address the following general issue. Suppose that M and N are 
in A U y, and P £ N fl y. Under what circumstances can we conclude that an 
ordinal in M (~l P is in N, or is in some canonically described member of N? 

The next lemma is the most frequently used result on this topic. 

Lemma 8.6. Let M and N be in X, where M < N. Suppose that 

rj £ N fl k + and (3 < sup(M fl N fl n). 

Then A Vt p n M C N. Therefore 

■Arj,sup(MnNnK.) O AI C N. 

Proof. Let f fl M, and we will show that £ £ N. Since /3 < sup(M fl N fl k), 

we can fix 7 £ MnNClK greater than /3. Then £ £ A Vtl . So f = 'K r) {ot{A r)n n£), 7), 
as noted in the comments after Notation 7.21. Since f £ A vn , A^^ = A vi7 fl f. 
Therefore ot(A J)>7 0 f) = ot(A{ >7 ). Hence f = 7 r^(ot(^ > 7 ), 7 ). Since £ and 7 are in 
M, so is ot(Hj >7 ). 

Since 7 £ M fl IV fl k, by elementarity c*(y) £ M fl N fl k. By Notation 7.4(5), 
since M < N, we have that 

ot(H^ >7 ) £ M r\c* ( 7 ) cMnJVriKCiv. 

So ot(H^ >7 ) £ N fl k. Hence 77 , 7 , and ot(A^ 7 ) are in N , which implies that 
7 r I) (ot(Hj >7 ), 7 ) = f is in N. 

To show that H^ iSup ( MnJVnK ) n M C N, let r £ A v , su p ( M rwn K ) n M. Since 
sup(M nlVriK) is a limit ordinal, there is /3 < sup(M C\N Hn) such that r £ A Vt p. 
By what we just proved, A Vt p fl M C N. So r £ N. □ 


Lemma 8.7. Let M and N be in X, where M < N. Let Q £ N fl y with Q fl k < 
sup (M nJVflfv). Then Q n M fl n + C N. 


Proof. By Lemma 7.26, QflK + = A sup (Q)Q nK . By elementarity, sup(Q) £ NC\k + , 
and by assumption, Q fl k < sup (M fl N fl k). By Lemma 8.6, 

Q n M n k + = H sup (QpQ nK niiciv. 


□ 


Lemma 8.8. Let M and N be in X. 
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(1) If AT < N, then 

^cKM,JV)Sup(MnAID/c) Ll A/ — ^• 

(2) If M ~ N, then 

Aolm,n ,sup(Mfl NC\k) H At A aM )Wl sup(MnAlrtfc) H Ah 

Proof. Note that (2) follows from (1). To prove (1), assume that M < N, and 
let C G A aM WiSup (Mnivn/t) Fl AT. We will show that C £ N. Fix /3 £ AT fl N fl k 
such that C £ Aa M ' N ,p- As M fl N £ X and sup(M fl N) = cxm,n , it follows that 
lim (Com.w) Fl (Af DAT) is cofinal in cxm,n- So we can fix 6 € \xm(C aM N ) fl (M (AN) 
which is strictly larger than C- Then Ag t p = A aM Nt p(A5, and hence C £ A$ t p. Since 
5 £ N, (3 < sup(M fl N fl k), and M < N, it follows that Ag t p fl M C N by Lemma 
8.6. So f £ N. ’ ’ □ 

Lemma 8.9. Let M £ X and N £ X U y. Then 

AT fl N D k £ A aM ,sup(MnvriK.) • 

Proof. Since M fl N £ X and sup(M flJV) = c*m,n, the statement follows immedi¬ 
ately from Lemma 7.25. □ 

Lemma 8.10. Let M £ X and N £ X U y. Let Q £ M (A I y, and suppose that 
sup(M n N fl k) < Q fl k. Then 

Q Fl N n — A aM Ni Q^ K . 

Proof. Let C £ Q fl N fl cxm,n, and we will show that C £ A aM Nt Q nK . First assume 
that C £ M. Then C £ M n N (~l k+, so by Lemma 8.9, C £ JV>sup(MnJV n K )- 
Since sup(M n N n k) < Q fl k, it follows that £ £ A aM Nt Q nK . 

Assume that C is not in AT. Then C £ Q fl k + = A sup (g) g nre , where sup(Q) and 
Q (A k are in M, and C ^ AT. By Lemma 7.31, 

£ F ^m,QOk- 

We claim that 

Vi/ € M n IV n k+ (Cm < i/ => C £ A v , QnK ). 

We will prove the claim by induction. So let v £ M fl N fl k + be strictly greater 
than Cm, and assume that the claim holds for all v' £ M fl N fl i/. 

Case 1: v = i/ 0 + 1 is a successor ordinal. Since v£M(AN,vq£M(AN by 
elementarily. If Cm < ^o, then by the inductive hypothesis, C £ A Uo Q nK . So 

C F A^ 0) Qpi K U {i/o} = A^ q^ k . 

If i/o = C m, then 

C ^ ,Qc\k — A Uo Qf~ C A v q^ k . 

Case 2: v is a limit ordinal and Cm £ lim (C v ). Then 

^?M,Qn k = Av^qcm n Cm- 

Since C G M ,QriK, it follows that C £ A Vt Q nK , and we are done. 

Case 3: v is a limit ordinal and Cm is not in lim(C'„). Let v' := min(C 1/ \Cm), 
and let v" := sup(C' !y fl v'). Since v' = min (C v \ Cm), clearly v" = sup(C' !y fl Cm)- 
As Cm is not a limit point of C v , v" < Cm- 
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We claim that v' G M fl TV. Since v and are in M, v' = min [C v \ £m) is 
in M by elementarity. And as v and v' are in M, v" = sup(C' l / fl v') is in M by 
elementarity. But v" < and is the least ordinal in M with f < £m- It 
follows that v" < £. So z/ = min(C l 1/ \ (u" + 1)) = min (C v \ £). Since v and £ are 
in TV, so is v' by elementarity. 

Next we claim that £ G A^QnK. This is immediate if = u', so assume that 
£m < v' ■ Then £m < v' < v and v' G M fl TV fl k + , which imply by the inductive 
hypothesis that £ G A^Qn^. 

Let /? be the least ordinal in k such that v' G A^. Since v and v' are in M fiTV, 
it follows that /? G M fl TV fl k by elementarity. As 

/3 < sup(M n N n k) < Q n k, 

we have that v' G A„ t Q nK . And since v" = sup(C), fl v') and 

v" < f < £m < z/, 

e i c v . so 

£ G u \ C v , v' = min(C'„ \ 0 G A^qhk, and £ G A min(c .^\j )> Q nK . 

By Notation 7.4(7), £ G A^qhk, which completes the proof of the claim. 

Since MflTV G X and sup(MnTV) = ocm,n, it follows that lim(C aM N ) fl(MflTV) 
is cofinal in <xm,n■ Since £ < ckm,n by assumption and cxm,n is a limit point of 
M, we have that £m < ckm,n■ So we can fix v G lim(C' aM N ) fl (M fl TV) which 
is strictly greater than £m- By the claim, £ G A Vt Q nK . Since v G lim(C aM JV ), 
A V) QnK = A aM N ^qok. n u. Therefore £ G A QMN) Q nK . □ 

Lemma 8.11. Let M G X and N G X U y. Suppose that M < N in the case that 
TV G X. Let P G M fl y, and suppose that PtlnGMCiNnn and P fl cxm,n is 
bounded below cxm,n- 
Define 

® • sup(P n A aM )Wl s U p(MnAzrtfc)). 

Then a satisfies: 

(1) a G M nAriK + ; 

(2) P fi a = A a pi~\K,! 

(3) P n (M n TV) n k + = A a , PnK n (M n TV),- 

(4) TV fl P fl cxm,n C A CT) p n «. 

Proof. Let a := Om.at and <5 := sup(M fl TV fl n). Note that by Lemma 7.29, 

Sk(A a: s) (~l k + = A a j, A a ^ n k = 6 , and sup(A a> , 5 ) = a. 

Since P and A a> s are closed under successors, P f~l A a> s has no maximal element. 
Note that since P fl cxm,n is bounded below cxm,n , we have that a < a. We claim 
that <7 satisfies (l)-(4). Observe that since cr is a limit point of P, it follows that 
P 0 a = A^pn k by Lemma 7.27, which proves (2). 

(3) We prove that 

P n (M n TV) n k + = A CT ,p nK n (M n TV). 

Let 7 G Pfl (TILflTV) Ok + , and we will show that 7 G A CTj p nK . Since 7 G TVf flTV, by 
Lemma 8.9 we have that 7 G A a j. So 7 G PnA a> 5 C a. Hence 7 G Pflcr = A CTi p nK . 
Conversely, 

A a ,priK O (M n TV) C A CTi pn K = P fT cr C P. 
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(1,4) It remains to show that cr £ MC\N and N nPC\aM,N Q ^o-.priK- We claim 
that 

& su P(^sup(Pna),PriK hi A 

As P and a are closed under successors, PC la lias no maximal element. So sup(Pn 
a) is a limit point of P, which by Lemma 7.27 implies that 

p n ol p n sup(P n o) A sup (ppi a yp,-) K . 

Therefore 

4l S up(Pna),PnK h A a $ P n ot fl A a § P 0 A a ^. 

Taking supremums of both sides yields the claim. 

Next, we claim that a £ A a j. As P fl a and A a ^ are closed under successors 
and P Ha = A sup (p na ) PnK , it follows that cr is a limit point of A 3 up (p nQ ,)p nK and 
a limit point of A a j. By Notation 7.4(8) and the fact that a £ lim(A a> 5 ) 0 a, to 
show that a £ A at s it suffices to show that ot (C a ) < S. 

Since Pflcr = A^pnK and cr is a limit point of P, it follows that cr = sup(A CTi pn K ). 
If P fl k < ot(C , CT ), then by Notation 7.4(6), it follows that A^pdk C c CT ,pn K < cr. 
But this contradicts that cr = sup(A 0 . i p nft ). Hence ot(C CT ) < P fl k < 5, which 
completes the proof of the claim that a G A a j. 

Fix 77 G lim(CQ,) fl (A/ fl N) such that 0 < 77 . Then A Vt s = A a j fl 77 . Therefore 
cr G A v j. Since 6 = sup (M C\NC\k), we can fix 7 G M fl N fl k such that a G A v ^. 
Then 77 and 7 are in A I fl N. 

Let us show that 

cr = ma x(A i)>7 fl lim(P)). 

Suppose for a contradiction that o' G A vn fl lim(P) and cr < cr'. Since 77 G lim(C a ) 
and 7 < (5, cr' G A a j fl lirn(P). But then by Lemma 7.27, it follows that 

P n o' = Ao-ypnft C A a i= A a ^ (~l o'. 

Since o' is a limit point of P, there is r G P fl cr' strictly greater than o. Then 
t G P fl A a> s, which contradicts that cr = sup(P fl A at s). 

Now we prove that o £ MC\N. Since 77 , 7 , and P are in M, and cr = max(A^ i7 fl 
lim(P)), it follows that cr G M by elementarity. On the other hand, cr £ M fl A Vil , 
where 77 G TV and 7 G A I ON Hu. So o £ N by Lemma 8 . 6 , in the case when M and 
N are in X. If N £ (V, then cr £ A v ^ £ N implies that cr G N, since |A,j )7 | < k. 
This proves that o £ AI D N. 

Now we claim that N fl P 0 chm,n C cr. This completes the proof, for then 
N (1 P H aM,N C P n 0 = A CTj p nK . 

Suppose for a contradiction that 7 r G N fl P fl om,n and cr < 7 r. Let 7 To := 
min((P n k + ) \ cr), and note that 7 To < 71 . Since P and cr are in M, ttq is in Af by 
elementarity. We claim that 7 To is in N. This is immediate if ttq = 7 r, so assume 
that 7 Tq < 7 T. Then 7 r G P implies that P 0 7 r = A V) p nK by Lemma 7.27. Since 7 r 
and PflK are in N, so is A^pn k = P07r. But 7 To = min((Pri 7 r) \cr). Hence n 0 £ N 
by elementarity. So iro £ M (1 N C\ chm,Ni and therefore ttq £ A a j by Lemma 8.9. 
So 7 To G P fl A a ^. Since o = sup(P fl A a j ) and P 0 A a s has no maximal element 
as previously observed, it follows that 7 To < cr. But this contradicts that fact that 
cr < 7 Tq. □ 
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So far in this section we have been mostly concerned about the interaction of 
models M and TV below om,n = sup(M fl TV). We now turn to analyze what 
happens above cxm,n- 

The next two lemmas state that for a simple model TV, if a model does not bound 
TV below k, then it does not bound TV above k. 

Lemma 8.12. Let M and TV be in X , where TV is simple and {M, TV} is adequate. 
If Rm(N) 7 ^ 0; then (TV n k + ) \ um,n 7 ^ 0- 

Proof. Since Rm(N ) is nonempty, / 3 m,n < sup(TV ft k). As cxm,n is a limit point 
of M and a limit point of TV, Lemma 7.17 implies that ot {C aM N ) is in cl(M fl k) PI 
cl(TV fl/c). Hence by Lemma 1.15, ot (C aM N ) < Pm, n- If (TV fl«; + ) \o.m,n is empty, 
then sup(TV) = cxm,n■ Since TV is simple, it follows that ot (C aMN ) = sup(TV fl k). 
But then sup(TV PIk)< 0m,n, which contradicts the first line above. □ 

Lemma 8.13. Let TV G X be simple and Q G y. If Q fl n < sup(TV fl k), then 
sup(TV n Q) < sup(TV). 

Proof. Let 0 := QC\k and 77 := sup(TVflQ), and assume that 0 < sup(TVflK). Since 
TV and Q are closed under successors, 77 is a limit point of TV fl Q. In particular, 77 
is a limit point of TV. Suppose for a contradiction that sup(TV) = 77. Then since TV 
is simple, ot (C v ) = sup(TV fl k). So 0 < ot (C v ). As TV fl Q is in A by Lemma 7.16 

and sup(TV fl Q) = 77, it follows that lim(C' T/ ) fl (TV fl Q) is cofinal in 77. So we can fix 

S € lim(C^)fl(TVflQ) such that 0 < ot(C'^n< 5 ) = ot (Cs). But 5 € Q , and therefore 
by elementarity, ot(Cg) G Q fl k = 0 . So ot(Cg) < 0 , which is a contradiction. □ 

We now introduce an analogue of remainder points for ordinals between <xm,n 
and k + . 

Definition 8.14. Let M and TV be in XUy. Define R^(M) as the set of ordinals 
?7 such that either: 

(1) 77 = min ((M fl k + ) \ cx.m,n) and om,n < ??, or 

( 2 ) 77 = min((M fl k + ) \ (), for some £ G (TV D k + ) \ c*m,n- 

Lemma 8.15. Let M G X and TV G X U y, where {M, TV} is adequate if TV G X , 
and sup (M fl TV fl k) <TVn« if N & y. Then: 

( 1 ) Rft(M) is finite; 

( 2 ) if r] G Rjj(M), then cf(ri) > to; 

(3) suppose that 77 G R^(M), 77 is not equal to C\k + )\oim,n), and a := 

min((TVriK + ) \sup(Mfl??)); then a G R^(N) and 77 = min((TVf n n + ) \ a). 

Proof. (1) If R-pf(M) is not finite, then the supremum of the first u> many members 
of IUfj/M) is a limit point of M and a limit point of TV. Hence this supremum is less 
than or equal to «m,jv by Lemma 8.5, which contradicts the definition of R^(M). 

( 2 ) is easy. ( 3 ) Note that a exists, since otherwise 77 would not be in R~^(M). 
Clearly 77 = min((M fl k + ) \ a). We will show that a G R^(N). Since 77 is not 
equal to min((M fl k + ) \ cxm,n ), fix 9 G (M fl if) \ cxm,n- Then Om,n < 6 < <J, 
and therefore cxm.n < cr. If a — min((TV fl k + ) \ ocm,n), then cr G T?^(TV) by 
definition. So assume not. Then we can fix £ G (TV fl cr) \ cxm,n- By definition, 
Co := min((M fl k + ) \ £) is in Rf^/M). Since £ < cr = min((TV fl « + ) \ sup(M fl 77)) 
and £ G TV, it follows that £ < sup(M fl 77). Therefore Co < sup(M fl 77) < cr. 
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Let Ci be the largest member of R^(M) which is below a. Then £i exists since 
R+(M)r\a is finite and nonempty, as witnessed by Co- We claim that a = min((iVn 
k + ) \ Ci), which proves that a G R^j(N). Otherwise ao := min((iV 0 k + ) \ Ci) is 
strictly below a. So ao < & = min((iV 0 n + ) \ sup(M D rj)), which implies that 
cto < sup(M 0 77 ). But then min((M 0 77 ) \ ao) is in R~^{M) 0 a , and is strictly 
larger than Ci, which contradicts the maximality of Cl • □ 

Lemma 8.16. Let M and N be in X uy. Then for all 77 G R~}~ r (M) U R^iN), 77 
is closed under H*. 

Proof. First consider 77 = min((N n k + ) \ ajiy). Let n < to and let k be the arity 
of r' n . and we will show that 77 is closed under r' n . Since 77 G N , by elementarity 
it suffices to show that N models that 77 is closed under t' ti . Let ao, ... , a*,- 1 G 
N fl 77. By the minimality of 77, N 0 77 C oim,n, so ao, • ■ ■, ak-i < olm,n ■ By the 
elementarity of Mfl N and since sup(MflTV) = cxm,n, there is some 7 G MnNHK + 
such that ao,.. ■, ctk -1 are below 7 and 7 is closed under r' n . Then 

T ni a 0) • • ■ > a k - 1) < 7 < cxm,n < 77. 

The same proof works for min((M 0 k + ) \ clm.lv)- 

Now we prove the general statement by induction on ordinals in R~j^(M) U 
Suppose that 77 G R^(M), and for all cr G U R '^( N )) fl 77 , cr 

is closed under H*. If 77 = min((MD«; + ) \aM,Jv)> then we are done by the previous 
paragraph. Otherwise by Lemma 8.15(3), the ordinal 

cr := min((iV 0 k + ) \ sup(M 0 77 )) 

is in Rm( n ), and 77 = min((M 0 k + ) \ a). By the inductive hypothesis, cr is closed 
under H*. 

Let n < ui, and we will show that 77 is closed under r' n . Let k be the arity of 
r' n . Since 77 is in M, by elementarity it suffices to show that M models that 77 is 
closed under r' n . Let ao ,..., ak- 1 G M n 77. Then ao, ..., ak- 1 are strictly less 
than sup(M 0 77) < cr. Since a is closed under H*, 

Tn(a 0 ,...,a k - 1 ) < cr < 77 . 

The same argument works for ordinals in R^(N). □ 


§9. Canonical models 

In this section we will introduce some models which are determined by canonical 
parameters which arise in the comparison of two models. Specifically, we consider 
a simple model N G X and a model M in X U y which is not necessarily a member 
of N. The canonical models associated with M and N are models in N fl y which 
reflect some information about M inside N. Canonical models will be used when 
amalgamating side conditions or forcing conditions over a simple model N-, see 
Sections 13 and 150 

The three types of canonical models are described in Notations 9.1, 9.3, and 
9.13. 


^The idea of a canonical model is new to this paper, and does not appear in Mitchell’s original 
proof H2J. 
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Notation 9.1. Let TV G X be simple and P G y, where PC) n < sup(TV f~l k). Let 
P := P fl k and 77 := sup(TV (~l P). We let Q(N, P) denote the set Sk(A r)Nt p N ). 

Note that ?pv exists by Lemma 8.13. It is easy to check that if P G TV n y, then 
Q(N,P) = P. 

Lemma 9.2. Let TV G X be simple and P G y, where P n k < sup(TV n k). Let 
P := P fl « and 77 := sup(TV D P). Then Q := Q(N,P) satisfies the following 
properties: 

(1) QeNny ; 

(2) Q n k = Pn, Q n k + = Ajw.ftv; and sup(Q) = tin; 

(3) tv nQn k + = NnPn k + . 

Proof. Since 77 n and Pn are in TV, A VNi p N and Q are in TV by elementarity. As 
TV n P is closed under ordinal successors, 77 is a limit point of TV n P. Therefore 
P n 77 = Ajj 1 3 by Lemma 7.27. And since 77 is a limit point of TV n k + , by Lemma 
7.12, C rj = C VN n 77, and for all £ < k, 

A v £ = A VN:i n 77 and TV n A w>? = TV n A v ^. 

We claim that 

NnPr\K + = NnA VIl , filf . 

Let a G TV n P n k + , and we will show that a € A mi p N . Then a < 77 by the 
dehnition of 77. So 

g p n 77 — Ar/ } p Atj N n 77 . 

Hence a G A VNy p. Since p < Pn, a G A VNy p N . Conversely, let a G TV n A VNy p N , 
and we will show that a G P. Since t]n, Pn, and a are in TV and Pn is a limit 
ordinal, by elementarity we can fix £ G TV fl Pn such that a G A r/N ^. Then 
a G TV (~l A VNt £ = TV fi Arj^. Since £ G TV fl Pn, £, < P- So A v ^ C A Vt p = P fl 77. 
Hence a G P. 

We have proven that NnPllK + = NnA VNt p N . By Lemma 7.10, it follows that 
A,in,Pn is closed under H*. In particular, Q fl n + = A VNr p N . Therefore 

NnQnn + = Nn =JVnPn k + , 

which proves (3). 

To show that Q fl n = Pn and sup(Q) = tin, it suffices to prove that TV models 
these statements. Let a G TV fl Q fl k, and we will show that a < Pn- Then 

aeNnQnK = NnPr\KCPnK = p<p N . 

So a < Pn- Conversely, let a G TV fl Pn, and we will show that a G Q. Then 
a G TV fl Pn C p. So 

aGVn/? = iVnPnK = iVnQnK. 

So indeed a G Q. 

Since Q fl k + = A m> p N , clearly sup(Q) < tjn- To show that TV models that 
sup(Q) = 77 n, let £ G TV fl t]n- Then £ < 77 = sup(TV fl P). So we can fix 
cr G TV fl P n k + which is larger than £. Then crGTVnPnK + =TVnQriK + . So 
a G Q and £ < a. Thus sup(Q) = T]n- This completes the proof of (2). 

To show that Q G TV, it suffices to prove that lim(C' r)JV ) fl Q is cofinal in r/N- 
Again it will be enough to show that TV models this statement. So let £ G TV fl 77 at. 
Then £ < 77 = sup(TV fl P). Since TV fl P G A by Lemma 7.16 and sup(TV fl P) = 77, 
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there is cr G lim(C ?? ) n (TV (~l P) with £ < cr. Since C v = C VN P p, cr G lim(C^ JV ). 
Also ctgTVPPPk + = TVPQPk; + . So cr G lim(C' ??JV ) fl Q and £ < a. □ 

Notation 9.3. Let M and TV be in X, where N is simple. Let £ G Rm{N) and 
p := min((TV n k + ) \ oim,n)- We let Q(N, Af, £) denote the set Sk(A v l c). 

Note that p exists by Lennna 8.12. 

Lemma 9.4. Let M and N be in X, where N is simple. Suppose that TV < M and 
£ = min((TV fl k) \ Pm,n)- Let p := min((TV fl cc + ) \ cxm,n )■ Then Q := Q(N, Af, £) 
satisfies the following properties: 

(1) QeNny ; 

(2) Q fl k = £, Q fl k + = A Vt £, and sup(Q) = p; 

(3) NnQr\K + = Mr\Nr\K + . 

Proof. Since p and £ are in N, A v ^ and Q are in TV by elementarity. As olm,n is a 
limit point of N, by Lemma 7.12, C aM N = C v fl cxm,n, and for all £ < k, 

Ac«m,n Pi cx.m,n and TV P A aM N ^ -N P A^ ^. 

We claim that 

JVPd, i( = MPJVP k + . 

Let a G MP]VPk + , and we will show that a G A v ^. By Lemma 8.9, M PJVPk + C 
A a M ,iv,sup(MnivnK)• Since £ G R m (N), sup(MPIVP k) < Pm,n < £■ So 

o G Af P TV P k C A aM N ,sup(MnNr\K) — Aa MN ,C — 

Hence a G A v ^. 

Conversely, let a G TV P and we will show that a G Af. Since a, p, and £ 
are in TV and £ is a limit ordinal, by elementarity we can fix 7 G TV P £ such that 
a G A nt7 . Since £ = min((TV P k) \Pm,n) and TV < Af, 7 G N P Pm,n = Af P TV P k. 
So 

er. G TV P Ar^^f TV P A aM N ^ P N P A aM N ,sup(Mr\Nr\n) ‘ 

By Lennna 8.8(1), a G Af. 

We have proven that N P A v ^ = Af P N P n + . By Lemma 7.10, it follows that 
A v £ is closed under H*. In particular, Q P k + = A v ^. Therefore 

1VPQPk + =AP A vX = MP#Pk + , 

which proves (3). 

To show that Q P k = £ and sup(Q) = p, it suffices to show that TV models 
these statements. Let 7 G IV P Q P k, and we will show that 7 < £. Then 
7 GAfpQPK = MPiVP/t,so 

7 < sup(M PIVPk) < p M ,n < £■ 

Conversely, let 7 G IV P £, and we will show that 7 G Q. Since £ = min((TV P 
k) \ Pm,n), 7 G IV P Pm,n- As N < Af, N P Pm,n C Af, so 7 G Af. Hence 
7 GMnJVPK+CQ. 

Since Q P k + = A r) ^, obviously sup(Q) < p. To show that TV models that 
sup(Q) = p, let £ G IV P p be given. Since p = min((TV P k + ) \ cxm,n), £ < &m,n- 
As cxm,n — sup(M PiVP k + ), we can fix cr G Af P TV P k + with £ < cr. Then 
cr G Af P TV P k + C Q. So £ < cr and cr G Q. This completes the proof of (2). 

To show that Q G y, it suffices to show that TV models that lim(C'^) PQ is cofinal 
in p. Let £ G TVP 77 . Then £ < cxm,n- Since AfPTV is in X and sup(AfPTV) = cxm,n, 
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we can fix a £ lim (C aM , N ) fl (M f~l N) with £ < cr. But C aM , N = C v fl cxm,n, so 
a £ lim(C ?? ). Also cr £ M Pi N (1 k + C Q. So a £ lim((7 r) ) 0 Q and £ < cr. □ 

Notation 9.5. Let M and N be in X such that {M,N} is adequate. Let £ G 
Rn(M). We let Qq(M,N ,(') denote the set Sk(A aM N ^). 

Lemma 9.6. Let M and N be in X such that {M,N} is adequate. Let 77 G 
M fl N fl k + with k < i). Fix m < u>, and let k be the arity of T' m . Define 
fm,r) '■ ft —t k by letting f m ,n{0) be the least 0' < k such that ft G A v ,p> and 

V F T m [A V 'p\ C A Vi pr. 

Then for all a G Rn{M) U Rm(N), cr is closed under f m ,, r 

Note that since A v ,p has size less than k by Notation 7.4(3), the set 
also has size less than k. So the definition of f m>rl makes sense. Also note that / m ^ 
is definable from in A. 

Proof. The proof is by induction on remainder points in Rm(N) URn(M). For the 
base case, let a be the first ordinal in Rm(N)URn{M). Without loss of generality, 
assume that a G Rn(M). Since rj G M and f miV is definable from rj in A, it suffices 
to show that M models that a is closed under f m ,rr So let /3 G M fl a, and we will 
show that f m ,ri(0) < <J - 

Since a G R.m(M) and cr is the first remainder point, we have that M < N 
and a = min((M D k) \ /3m,n)- As /? G M fl a = M fl 0m,n and M < N, 
0 G M n 0m,n C N. So 0 G N. Therefore 77 and 0 are both in M n N. By 
elementarity, f m , v {0) € M P N P n. But M P N P k = M fl 0m,n Q So 

fm,rj(, 0 ) ^ CT. 

Now suppose that £ is a remainder point which is greater than the least remainder 
point, and assume that the lemma holds for all remainder points in Rm{N)\JRn (A/) 
which are below £. Without loss of generality, assume that £ G Rn{M). Then by 
Lemma 2.2(3), cr := min((N fl k) \ sup(M n £)) is in Rm(N), and £ = min((M fl 
k) \ a). To show that M models that £ is closed under f m ,r)i let 0 £ M PC,. Then 
0 < sup(M fl £) < cr. By the inductive hypothesis, cr is closed under f m ,n- So 
fm, v ( 0 ) < cr. Since cr < £, fm,n( 0 ) <(■ □ 

Lemma 9.7. Let M and N be in X such that {M, N} is adequate. Let a £ Rn(M). 
Then Q 0 := Qo (. M , N, <j) satisfies the following properties: 

(1) Qo G y-, 

( 2 ) Q 0 n K = cr, Qo n K+ = A aM N , a , and sup(Q 0 ) = u m ,n; 

(3) M PN P k + C Q 0 . 

Proof. Recall that Qo = Qo{M,N,a) = Sk{A aM N , a ). We begin by proving that 
A aM N ,<7 is closed under H*. Let m < u>, and let k be the arity of r' m . Let 
a 0 ,, Oik-1 £ A aM , N ,cr, and we will show that r' m {a 0 ,..., a k -i) £ A aM N , a . Since 
cr is a limit ordinal, we can fix 0 < a such that op, • ■ •, Oi k -1 G A aM Nt p. 

By the elementarity of M P N, fix 6 £ M fl N fl k + strictly greater than 
« 0 i • • • 1 Oi k -1 such that S is closed under r' m . Now fix 77 G lim {C aM N ) fl (M fl N) 
strictly greater than 5 and k. Since 6 is closed under r' m , 

r' m (a 0 ,...,Q!fc_i) < S < 77. 

As 77 G lim(C' QM N ), 

cr0, • ■ •, oc k —1 G A a ^ pj,p n 77 Ay],p. 



MITCHELL’S THEOREM REVISITED 


51 


So 

7~m * ■ * ? OLk— l) £ V 61 T m [^4^^]. 

As /? < a and a £ R^(M), by Lemma 9.6 there is /3' < cr such that 

\ k 


C A v ^. 


Then 

An (^0) • • ■ j &k— 1) ^ a A aMN ,a 61 T] £ A o.m,n • 

This proves that A aMN:<J is closed under if*. In particular, Qo61k + = A aM NtCr . 
Since Af 61 NC\k + C A aM iNlSU p(MnJvnK) by Lemma 8.9, and sup(Af 61 N 61k) < cr, it 
follows that Af C\NC\k + C A aM NtCr C Q 0 . In particular, since sup(Af61 iV ) = cxm,n, 
it follows that sup(Qo) = &m,n- 

It remains to show that Q 0 £ y and Q 0 PIk = a. For the first statement, once we 
know that Qo61k = cr, it will suffice to show that lim(C aM N ) 6 lQo is cofinal in cxm,n- 
But since Af fl N £ X, lim {C aM N ) 0 (Af n N) is cofinai in sup(Af 61 N) = o.m,n- 
And as Af fl IV fl k + C Q 0 , it follows that lim(C aMJV ) fl Qo is cofinal in otM,N- 

Now we prove that Qo 61 k = a. First we will show that Qo 61 k C a. More 
generally, we will prove by induction on remainder points that 


V£ £ Rm(N) U Rn{M), A aMN ^ (~l k Q (■ 

Consider the first remainder point £. Without loss of generality, assume that 
c £ Rn(M). Then M < N and C = min((Af 61 k) \ (3m, n)- Let (3 £ A aM N ^ fl k, 
and we will show that (3 < (. Fix rj € lim(C' aM w ) fl (Af fl N ) with (3 < rj. Then 
/3 £ A aM N ^ n 77 = A v To show that (3 < (, it suffices to show that A v ^ fl k C (. 
Since 77 and C are in Af, it is enough to show that Af models that A v ^ fl n C (. 

Let (3 1 £ Af61 A,, c 61 k, and we will show that (3' < £. Since £ is a limit ordinal, by 
elementarily we can fix 7 £ M fl £ with (3' £ A vn . Since £ = min((Af Cl k) \ (3m,n) 
and Af < N, 7 £ M fl (3m,n C N. As Af < N, (3' £ Af n A vn , 77 £ N, and 
7 £ Af fl N fl k, it follows that (3' £ N by Lemma 8 . 6 . Hence 

(3' £ Af n N n k C (3 M ,n < £• 

So p < c 

For the inductive step, let £ be a remainder point which is not the first remainder 
point. Without loss of generality, assume that £ £ Rn(M). Then by Lemma 
2.2(3), there is 7 r G R M (N) such that tt = min((iV 61 k) \ sup(Af fl £)) and £ = 
min((Af 61 k) \ tt). Let (3 £ A aMN ^ 61 k, and we will show that (3 < £. Fix 
77 £ lim(C' Q , M N ) 61 (Af 61 N) with (3 < 77 . Then 

(3 £ A aM N 6177 A?/,£. 

To show that (3 < (, it suffices to show that A v ^ 61 kC(. Since 77 and ( are 
in Af, by elementarily it suffices to show that Af models that A^ q 61 k C (. So 
let 7 £ Af 61 A v ^ 61 k, and we will show that 7 < (. Since ( is a limit ordinal, by 
elementarily we can fix a £ M 61 ( such that 7 £ A Via . Then a < sup(Af 61 C) < tt- 
So 7 G A v>a C A v ^. Since 77 G Af 61 N and 7 r G Rm(N), the inductive hypothesis 
implies that 

A'Tj.'K 61 K A aM ^ ,TT 61 Ti £ TT. 

So 7 < TT < C- 

This completes the induction. In particular, 


Qo 61 K — A aM N ,a 


61 k C a. 
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Conversely, let (3 < cr, and we will show that (3 G Q 0 . Fix 77 G lim(C aM JV )fl(MflTV) 
with k < 77 . Then by Lemma 9.6, there is (3' < a such that (3 £ A Vt p So 

(3 £ ^lr/,/ 3 ' = A aMNj p 1 riij c A aM N pi c a QM iNj(T c <5o- 

□ 

Lemma 9.8. Let M and TV be in X , where {M, TV} is adequate and TV is simple. 
Suppose that a £ Rn(M), £ £ Rm(N), and £ = min((TV fl k) \ a). Let 77 := 
min((TV n « + ) \ oim,n)- Let Qo := Qo(M, TV, a) and Q := Q(N, M, (). Then: 

(1) QeNny ; 

(2) Q D k = C; <5 fl k + = A v £, and sup(Q) = rj; 

(3) tv n Q n k+ = tv n Q 0 n k + ; 

( 4 ) m n tv n k+ c q. 

Proof. We will apply Lemma 9.2 to the models TV and Qo- Let us check that the 
assumptions of this lemma hold, using Lemma 9.7. We know that TV £ X is simple, 
Qo G y, and 

Q 0 n/v = cr<C< sup(TV n k). 

Also, sup(TV n Qo) = cxm,Ni since sup(Qo) = <%m,n, sup(M n TV) = cxm,Ni and 
M fl TV (~l k + C TV fl Qo- Moreover, 

min((TV fl/t)\ (Qo fl k)) = min((TV fl k) \ cr) = Q 

and 

min((TV n n + ) \ sup(TV fl Qo)) = min((TV n k + ) \ cxm,n ) = r\. 

By Notations 9.1 and 9.3, 

Q(TV, Qo) = Sk(A vX ) = Q(TV, M, C) = Q. 

By Lemma 9.2, we have that: 

(a) Qg TVn;y; 

(b) Q fl k = C, Q n k + = A v ^, and sup(Q) = 77 ; 

(c) tv n Q n k+ = tv n Qo n k+. 

This proves (1), (2), and (3). By Lemma 9.7(3), M nTVn« + C Q 0 . So MnTVriK + C 
TV fl Qo (~l n + = TV fl Q n k + C Q, which proves (4). □ 

The next lemma summarizes Lemmas 9.4 and 9.8. 

Lemma 9.9. Let M and TV be in X such that {M, TV} is adequate and TV is simple. 
Let ^ G T?m(TV), 77 := nrin((TV fl k + ) \ aM.Af), and Q := Q(N,M,Q. Then: 

(1) Q G TV n O’; 

(2) Q fl k = (, Q fl k + = A v ^, and sup(Q) = 77 ; 

(3) M n tv n k + c Q; 

(4) if £ = min((TV n k) \ (3m,n), then TV fl Q fl n + = M n TV fl k + ; 

(5) if C = min((TV n k) \ a), where a G Rn(M), then TV fl Q fl n + = TVn 
Qo{M, TV, cr) i~ik + . 

Proof. Immediate from Lemmas 9.4 and 9.8. □ 

Let us derive some additional information about the model Q(TV, M, C). 

Lemma 9.10. Let M and TV be in X such that {M,N} is adequate and TV is 
simple. Let £ G Rm{N), 77 := min((TV (~Ik + ) \oim,n )> and Q := Q(TV, M, £). Then: 
(1) i/ P G M CO and sup(TV fl £) < P fl k < £, T/ien TV n P fl cxm,n C Q; 
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(2) if N < M, P £ M fl y, and Pfl k < sup (M fl TV fl ft), then TV fl P fl k + C Q; 

(3) if M < TV and P £ M fl TV ny, then TV fl P fl n + C Q. 

Proof. Note that since <xm,n is a limit point of TV, for all £ < ft, A aMN ^ = A v ^ n 
c*m,n by Lennna 7.12. 

(1) Suppose that P £ M n y and sup (TV D () < P fl ft < f. Since 0m,n < C> 

MnNr\K = MnNn/3 M) n c tv n C- 
So sup(M flTVflft) < sup (TV fl C) < p n ft. By Lemma 8.10, 

P n TV n cxm,n C A aM N}P n K C A aM N ^ = A n ^ n cxm,n f Q- 

(2) If IV < M, P £ M ny, and P fl k < sup (M nN C Ik), then N fl P fl k + C M 
by Lemma 8.7. Hence 

NnPn k + c MnNn k + cq 

by Lemma 9.9(3). 

(3) Suppose that M < N and P £ M n N ny. Then sup(P) and P fl k are in 
M fl N fl k + by elementarity, and hence in Q by Lemma 9.9(3). So ^4 S up(P),FnK = 
P fl k + £ Q by elementarity. So P O n + C Q. In particular, N fl P fl n + C Q. □ 


Finally, we consider canonical models determined by ordinals in Pfj{M). 

Notation 9.11. Let M and N be in X, where {M, TV} is adequate and N is simple. 
Let ( £ Rm(N) and a £ R^(M). Let X be any nonempty set of P £ M ny such 
that sup (N fl £) < P fl k < C and P fl TV fl [sup(M fl o), a) 0. We let Px denote 
the set ,Sfc((J{P no : P £ X}) and 0x denote the ordinal Px H n. 

Lemma 9.12. Under the assumptions of Notation 9.11, the following statements 
hold: 

(1) Px £ y; 

(2) 0 X = sup{P riK:PeI}<(; 

(3) Pa- nP= U{^ n a : P G X}; 

(4) sup (Pa) = o. 

Proof. Let P £ X. Since a £ o £ M and o has uncountable cofinality. 

Also P £ M and P fl [sup(M fl a), cr) 0, which imply that a is a limit point of P 
by Lemma 7.30. It follows that if P\ and P 2 are in X and Pl fl k < P 2 fl k, then 
Pi H a C P 2 fl a by Lemma 7.28. Thus {Pfler:P£A'}isa subset increasing 
sequence. Since each P fl cr is closed under H* by Lemma 8.16, the set (J{P fl o : 
P £ X} is closed under H*. Hence 

Px fl k + = S7c((J{P fl 0 : P G A}) fl k+ = \J{P fl cr : P e A}, 

which proves (3). 

Since o is a limit point of P fl o for each P £ X, obviously 0 is a limit point of 
Px- But Pa fl k + C 0 , so sup(Pa) = o, which proves ( 4 ). Clearly 

fix = Px n k = sup{P fl k : P £ A'}, 

which is in n. Since P fl k < ( for all P £ X, it follows that Px fl k < £• But 
P fl k £ M fl k for all P £ X. Therefore Px fl k £ cl (M fl k), which implies that 
fix = Px fl k < C by Lemma 2.2(1), which proves (2). 
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To show that Px G y, it suffices to show that lim(C'< 7 ) fl Px is cofinal in cr. Fix 
P G X. Then it will suffice to show that lim(Co-) fl P is cofinal in < 7 , since this set 
is a subset of Px- First, assume that cr ^ P. Then <7 G cl(P) \ P, which implies by 
Lemma 7.13 that lim(C' cr ) flP is cofinal in <7. Secondly, assume that <r G P. Since a 
is a limit point of P and |P| < k, cf(cr) < k. So ot(C CT ) < k. Hence ot (C a ) G P fl k 
and PflK G k, which implies that C„ CP. As a has uncountable cofinality, clearly 
lim(C' CT ) is cofinal in cr. So lim(C' cr ) fl P is cofinal in a. □ 

Notation 9.13. Under the assumptions of Notation 9.11, we let 

Q(N,M,(,a,X) :=Sk(A mX ), 

where 77 := swp(N fl Px)- 

Note that Px G y and px = Px Hk < ( < sup(iV fl n) imply by Lemma 8.13 
that r]x exists. Also since ( = min((N fi k) \ Px), Q(N,M,(,cr,X) is equal to 
Q(N,Px) from Notation 9.1. 

Lemma 9.14. Let M and N be in X , where {M,N} is adequate and N is simple. 
Let C, G Rm(N) and a G R~^(M). 

Let X be any nonempty set of P G M py such that sup(fVnC) < P D k < ( and 
P fl N fl [sup(M fl a), a) ^ 0. Let 77 := sup(7V fl Px) and Q := Q{N, M, (, a , X). 
Then: 

(1) QeNny,- 

(2) Q fi k = Q fl k + = A vnX , and sup(Q) = px; 

(3) N n Q n k + = N n P x n k + ; 

(4) for allPGX, NnPPaCQ. 

Proof. As noted above, Q = Q(N , Px)- Also 77 = sup(N fl Px) and ( = min((A r fl 
k) \ (Px fl k)). By Lemma 9.2: 

(a) Q G N n y ; 

(b) Q n k = C, Q fl k + = A vnX , and sup(Q) = px', 

(c) N n p a - n k + = N n Q n «+. 

This proves (1), (2), and (3). In particular, if P G X, then 

NPPnaCNnPxPK+CQ, 

which proves (4). □ 

§10. Closure under canonical models 

Fix a sequence (S v : 77 < k + ), where each S v is a subset of k fl cof(> oj). Let 
us assume that the structure A from Notation 7.6 includes S' as a predicate. In 
this section we will show that we can add canonical models to an S-obedient side 
condition and preserve S-obediency. 

As stated in the comments prior to Definition 5.2, the definitions of S-adequate 
and S-obedient are made relative to a subclass of J^o- F° r the remainder of the 
paper, this subclass will be the set y from Notation 7.8. 

Lemma 10.1. Let (A, B) be an S-obedient side condition. Suppose that N G A is 
simple. Let P G B be such that P fl k < sup (N fl k). Let Q := Q(N,P). Then 
( A, B U {Q}) is an S-obedient side condition. 
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See Notation 9.1 for the definition of Q(N,P). 

Proof. Let p := P fl k. By Lemma 9.2, 

Q £ N n y, Q (1 k = (3 n , and N n Q n k + = N n P n K + . 

Let us show that Q is 5-strong. Since Q £ N, it suffices to show that N models 
that Q is 5-strong. Let r £ N fl Q fl k + , and we will show that Q fl n = Pn £ S T . 
But r £ NnQC\K + = IV PlPfl k + . Since N £ A, P £ B, and (A,P) is 5-obedient, 
it follows that Pn £ 5 T . 

Let M £ A, and suppose that £ = min((M D k) \ / 3 jv). Fix r £ M fl Q fl k + , and 
we will show that £ £ 5 T . If ( = Pn, then £ £ 5 r because Q is 5-strong. Assume 
that Pn < £, which means that Pn ^ M. 

First assume that £ £ Rn(M). Then since Q £ At fl y is 5-strong and sup(M fl 
£) < Q fl k = Pn < it follows that £ £ S T as A is 5-adequate. In particular, 
if Pm,n < Pn, then £ £ Rjsr(M). Suppose that Pn < Pm,n < £• Then £ = 
min((M fl k) \ Pm,n)- Since Pn £ (IV fl Pm,n ) \ M, we have that M < N. So 
£ = min((M (~l k) \ Pm,n) is in Rn(M). 

The remaining case is that £ < Pm,n■ Then since Pn £ (N fl Pm,n) \ M, it 
follows that M < N. So 

M n £ c m n Pm,n c n. 

As r £ M fl Q fl n + , Q £ N fi y, and 

QflK<£< sup(M fi Pm,n) = sup(A/ n N n k), 

it follows that r £ IV by Lemma 8.7. Sot £ IVnQn«; + = IVnPriK + . Since 
M (~l £ C N and £ = min((M fl n) \ Pn), we have that 

£ = min((M fl k) \ p) = min((A 1 fl k) \ (P fl k)). 

Since M £ A, P £ B, and r £ M fl P fl k + , it follows that £ £ S T as (A, B) is 
5-obedient. □ 

Lemma 10.2. Let (A, B) be an S-obedient side condition. Let N £ Abe simple and 
M £ A. Suppose that N < M and £ = min((IV (~l k) \ Pm,n )• Let Q := Q(N, M, £). 
Then ( A,B U {Q}) is an S-obedient side condition. 

See Notation 9.3 for the definition of Q(N, M, £). 

Proof. By Lemma 9.4, 

Q £ N n y, Q n K = £, and N n Q n k + = M n N n K + . 

First we show that Q is 5-strong. Since Q £ N, it suffices to show that N models 
that Q is 5-strong. Let t £ N HQ H k + , and we will show that Q fl k = £ is in S T . 
Then r £ N n Q fl n + = M n N fl n + . So r £ M fl N. Since £ £ Pm(IV), £ £ 5 r as 
A is 5-adequate. 

Now let K £ A, and suppose that 9 = min((A' (~l k) \ £). Fix r £ K fl Q fl k + , 
and we will show that 0 £ S T . If £ = 9, then 9 £ S T since Q is 5-strong. So assume 
that £ < 9, which means that £ ^ K. 

Suppose first that 9 £ Rn(K). Then since Q £ N fl y is 5-strong and sup(A' fl 
9) < Q fl k = £ < 9, it follows that 9 £ S T as A is 5-adequate. In particular, if 
Pk,n < £, then 9 £ Rn(K). Suppose that £ < Pk,n < 9. Then 9 = min ((A' fl k) \ 
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/3k,n)- Since £ £ ( N<1(3k,n)\K , we have that K < N. So 0 = min ((if C\k)\(3k,n) 
is in Rn(K). 

The remaining case is that 9 < (3k, n- We apply Lemma 2.7. We have that 
{K, M, N} is adequate, £ £ Rm{N), £ £ K , 9 = min((if fln) \ £), and $ < (3k, n- 
By Lemma 2.7, 9 £ Rm{K). Since £ £ (N n (3k, n) \ K, it follows that K < N. As 
Q £ N n y, K < N, T £ I< n Q, and 

Qr\n = (<9< sup(if n (3k, n) = sup(if fl N n n), 

it follows that r £ N by Lemma 8.7. SoreAnQnK + = MnJ\ r n k + . Hence 
t £ I\ fi M. Since 9 £ Rm(K), it follows that 9 £ S T as A is 5-adequate. □ 

Lemma 10.3. Let M and N be in X such that {M, N} is adequate and N is simple. 
Assume that M -< (A, y). Let a £ Rn(M) and ( £ Rm{N). Then Qo{M, N, a) 
and Q(N, M , £) are S-strong. 

Recall that (A, (V) is the structure A augmented with the additional predicate 

y. 

See Notations 9.3 and 9.5 for the definitions of Q(N,M,Q and Qq(M,N,<t). 

Proof. The proof is by induction on remainder points in Rm(N) U Rn(M). First 
consider £ £ Rm(N). If £ = min((A r n k) \ (3m,n), then Q(N, M, £) is 5-strong by 
Lemma 10.2. So assume that £ = min((A^ fi k) \ a), for some a £ Rn(M). 

Let Q := Q(N,M , £) and Q o := Qo(M,N,a). By the inductive hypothesis, Qo 
is 5-strong. And by Lemma 9.7, 

Qo Fl k = a and Q 0 Hk + = A aM N ^. 

To show that Q is 5-strong, it suffices to prove that N models that Q is 5-strong. 
Let r £ N fi Q fl k + , and we will show that Q C\ k £ S T . By Lemma 9.8, 

Q fl k = £ and Q fl n + = A. 

where ry := min((A r fl k + ) \ Om.at), and 

N n Q n k + = N n Q 0 n k + . 

In particular, r £ N fl Qo- Also 

t £ N fl A Vt £ C cxm,n, 

SO T < OtM,N- 

Fix 9 £ lim (C aM N ) fl (M fl N) greater then r. Then 

t £ Qo n 9 — A aM N ,a n 9 = Aq g . 

Since 9 and cr are in M, Qo is 5-strong, Qo fl k = a, and Ag tCr C Q 0 , by the 
elementarity of M we can fix an 5-strong model P £ M fl y such that P (~l k = cr 
and Ag :Cr C P. Then r £ A^flP. Since £ £ Rm(N) and sup(IVn£) < a = PC\k < £, 
it follows that £ £ S T as A is 5-adequate. 

Now consider a £ i?jv(M), and we will show that Qo := Qo(M, N, a) is 5-strong. 
We first claim that for all 9 £ lim(C aM JV ) fi (M fl N) and for all r £ Ag >cr , a £ S T . 
So fix 9 £ lim(C Q . M N ) fl (M fl N). Since 9 and cr are in M, it suffices to prove that 
M models that for all r £ Ag^ a , a £ S T . Let t £ M C I Ag a . Since a is a limit 
ordinal, by elementarity we can fix 7 £ M D a such that r £ Ag n . 
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If a = min((M n k) \ (3m, n), then M < N and 7 G M n (3m, n Q N. So 9 is in N, 
7 < sup(M fl N fl k), and t G M fl Ag^, which by Lennna 8.6 implies that r G N. 
So r G M fl N n k + . As a g R n (M), it follows that a G S T as A is 5-adequate. 

Otherwise there is £ G Rm(N) such that a = min((M Ok) \£). By the inductive 
hypothesis, Q := Q(N, M, £) is 5-strong. Since cxm,n is a limit point of MrN and 
MnJVriK + CQby Lemma 9.9(3), it follows that cxm,n is a limit point of Q. So 

Q n cym,n Aa M N ,Qc\hi 

by Lemma 7.27. By Lemma 9.9(2), Q fl k = (. So 

Q O OtM,N A(xm,n ,C* 

Now 7 gMOaC(. Hence 

r e M n A g , 7 c m n A ex = Mr A aMNX rdcMrQ. 

So we have that Q € Nry is 5-strong, sup(Mncr) < ( = QHk < a, and r G MrQ. 
Since a G Rn{M), it follows that a G 5 r as A is 5-adequate. 

This completes the proof of the claim that for all 9 G lim(C' ceM JV ) fl (M fl N), for 
all r G Ag^, a G S T . Now we show that Qo is 5-strong. By Lemma 9.7, Qo fl k + = 
Aqlm,n,<*' Let t G Qo O k + . Then r < ocm,n■ Fix 6 G lim(C' aM JV ) fl (M fl N) which 
is greater than r. Then 

t g Qo re = A aMN ,t7 rO — Ag a . 

By the claim, a G S T . □ 


Lemma 10.4. Let ( A , B) be an S-obedient side condition. Suppose that N G A is 
simple, M G A, and M -< (A,y). Let C, G Rm(N). Let Q := Q(N,M,Q. Then 
(. A , B U {Q}) is an S-obedient side condition. 


Proof. If C = min ((TV n k) \ (3 m ,n), then we are done by Lennna 10.2. So assume 
that ( = min((N n k) \ <j ), where cr G Rn(M). Let Q 0 := Qo{M,N,cr). By Lennna 
9.8, 

<5 fl k = C and N n Q D k + = N n Qo n k + . 


By Lemma 9.7, 

Qo n k = a and Qo n n + = A aMM ,a- 

Also Qo and Q are 5-strong by Lemma 10.3. 

Suppose that K G A and 9 = min((A' Hk) \ (). Let r G K fl Q fl k + , and we will 
show that 9 G S T . If ( = 9, then 9 G S T since Q is 5-strong. So assume that f <9, 
which means that f K. 

First consider the case that 9 G Rn{K). Then since 


sup (A' n 9) <C, = Qrn<9 


and Q G N ny is 5-strong, it follows that 9 G S T as A is 5-adequate. In particular, 
if (3k, n < C> then 9 G Rn{K). Suppose that £ < (3k, n < 9. Then 9 = min((A'n«;)\ 
(3k, n)- Since £ G (NC\^k,n)\K, we have that K < N. So 9 = min((AT n k)\/3k,n) 
is in Ajv(AT). 

The remaining case is that 9 < (3k, n- We apply Lennna 2.7. We have that 
{A', M, N} is adequate, £ G Rm(N ), £ ^ AT, 9 = min((A" fl k) \ £), and 9 < (3k, n- 
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By Lemma 2.7, 9 £ Rm(K). Since £ £ (N n (3k,n) \ K, we have that K < N. As 

Qe Nny, 

Qnn = C<9 < sup (A - fl (3k,n) = sup (.A C\ N C\ n), 
and reA'n Q, it follows that t £ N by Lemma 8.7. So 

t £ N n Q n k + = N n Q 0 n k + . 

Hence t £ A fl Qo- Since Qo 0 k + = A aMNt<7 , it follows that r < cxm,n- 
Fix 7r £ lim(C aM JV ) fl (M fl N) with t < ir. Then 

T £ Qo n 7T — A aM Ni<T fl 7T 

Since 7r and cr are in M, Qo is S-strong, Qo C\ k = a, and A n><7 C Q 0 , by the 
elementarity of M we can fix P £ M fl y which is S'-strong such that P fl k = a 
and C P. In particular, r £ P. Since A fl 9 C N and £ = min((AT fl k) \ a), 
clearly 9 = min((A fl k) \ a). So r £ AT fl P, P £ M fl y is S-strong, and 
sup(A' n9)<a = PC\K<9. Since 9 £ Rm{K), it follows that 9 £ S T as A is 
S-adequate. □ 

Notation 10.5. Let M and N be in X, where {M, N} is adequate and N is simple. 
Let ( £ Rm(N) and a £ R^(Af). Let X be the set of P £ M ny such that P is 
S-strong, sup(N fl () < P D k < (, and PC\N fl [sup(M fl cr), a) ^ 0. Assume that 
X is nonempty. We let Q(N, M, £, cr, S) denote the set Q(N, M, Q a, X). 

See Notation 9.13 for the definition of Q(N, M, (, a, X). 

Lemma 10.6. Let ( A , B ) be an S-obedient side condition. Let M and N be in A, 
where N is simple. Let ( £ Rm(N) and a £ R^(M). Let Q := Q(N, S). 

Then ( A , B U {Q}) is an S-obedient side condition. 

Proof. Let X be as in Notation 10.5, and let Px be as in Notation 9.11. Then by 
Lemma 9.14, 

Q £ N ny, Qnn = C, and NnQr\K + = Nn Px fl k + . 

Let us prove that Q is S-strong. Since Q £ N, it suffices to show that N models 
that Q is S-strong. Fix r £ N n Q fl k + , and we will show that Q fl n = ( £ S T . 
Since Nr\QC\K + = Nr\ Px l~l k + , we have that r £ P\ ■ By the definition of Px, 
for some P £ X , r £ P. But then sup(X fl f) < P fl k < P £ M fl y is S-strong, 
and t £ N H P. Since f £ Rm(N), this implies that f £ S T as A is S-adequate. 

Let K £ A p , and suppose that 9 = min((K' fl/t)\ (). Fix r £ K n Q fl k + , and 
we will show that 9 £ S T . If 9 = (, then 9 £ S T since Q is S-strong. So assume 
that f <9, which means that ( K. 

If 9 £ Rn(K), then since Q £ N fl y is S-strong, sup(AT fl 9) < Q fl k < 9, and 
r £ K fl Q, it follows that 9 £ S T as A is S-adequate. In particular, if (3k,n < C> 
then 9 £ Rx(K). Suppose that f < (3 k,n < 9. Then 9 = nhn((AT fl/t)\ (3k,n )• 
Since £ £ (N fl (3k,n) \ K, we have that K < N , which implies that 9 £ Rx(K). 

The remaining case is that 9 < (3k, n- We apply Lemma 2.7. We have that 
{A', M, N} is adequate, £ £ Rm{N), £ ^ A', 9 = min((A' n k) \ £), and 9 < (3k, n ■ 
By Lemma 2.7, 9 £ Rm(K). Since £ £ (N n (3k, n) \ K , we have that AT < N . As 
Q£Nny, 

Qn« = £<d< sup(A' n (3k, n) = sup(A" n N n «), 
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and t £ K Cl Q, it follows that r £ TV by Lemma 8.7. So 

reAfnQnK + = JVn Px n k + . 

By the dehnition of Px, there is P £ X such that r £ P. Since sup(TVnC) < PC\k < 
( and K D 0 C N, clearly sup (If (~l 9) < P f~l k < 9. As P £ M fl y is ^-strong, 

t £ K fl P, and 9 £ Rm{K), it follows that 9 £ S T since A is 5-adequate. □ 

Definition 10.7. Let (A, P) be an S-obedient side condition. Suppose that N £ A 
is simple. We say that ( A , B ) is closed under canonical models with respect to TV 

if: 

(1) for all P £ B with P H n < sup(TV fl n), Q(N, P ) £ B; 

(2) for all AL £ A and ( £ R M (N), Q(N, AL, Q £ B; 

(3) for all M £ A, ( £ Rm(N), and a £ R^(A'f), Q(N,M,£,cr,S) £ B. 

Proposition 10 . 8 . Let (A,B) be an S-obedient side condition such that for all 
M £ A, A'l -< (A, y). Suppose that N £ A is simple. Then there exists (A,C) such 
that B C C, ( A , C) is an S-obedient side condition, and (A, C) is closed under 
canonical models with respect to N. 

Proof. First apply Lemma 10.1 finitely many times to obtain Co such that B C 
Co, (A, Co) is an S'-obedient side condition, and (A, Co) satisfies property (1) of 
Definition 10.7. Then apply Lemmas 10.4 and 10.6 finitely many times to obtain 
C such that Co C C, (A, C) is an 5-obedient side condition, and (A, C) satisfies 
properties (2) and (3) of Definition 10.7. Since all of the models which are added 
are in TV, and for all P £ N fl y, Q{N, P) = P, it follows that (A, C) also satisfies 
property (1) of Definition 10.7. □ 

Lemma 10.9. Suppose that (A, B ) is an S-obedient side condition, and N £ A 
is simple. Assume that (A, B) is closed under canonical models with respect to TV. 
Then: 

(1) Suppose that P £ B, P n k < sup(TV fl k), and r £ TV fl P fl k + . Then there 
is Q £ B n TV such that Q fl k = min((TV fl k) \ (P fl k)) and t £ Q. 

(2) Suppose that AT £ A and £ £ Rm{N). Then there is Q £ B n TV such that 
Q D k = C ond AL n TV n k + C Q. 

(3) Suppose that M £ A, M < TV, and f £ Rm(N). Then there is Q £ B fl TV 
such that Q fl k = (, and for all P £ AL PI TV fl y which is S-strong, 
TV n P fl k + C Q. 

(4) Suppose that M £ A, £ £ Rm(N), P G AL fl y is S-strong, sup(TV n Q < 
Pfl/c < (, and t £ JVnPflA. Then there is Q £ B fl TV such that 
Q fl k = ( and t £ Q. 

Proof. (1) Suppose that 

P £ B, P fl k < sup(TV fl k), and r G TV n P fl k + . 

Then Q(N, P ) £ B n TV. By Lemma 9.2, 

<2(TV, P) Cl k = min((TV n k) \ (P fl k)) and TV fl P fl k + C Q(N, P). 

In particular, r £ Q{N, P). 
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(2,3) Let M G A and < G Rm{N). Let Q := Q(N,M, (). Then Q G B n TV. By 
Lemma 9.9, 

Q fl k = ( and M fl TV D k + C Q, 

which proves (2). If in addition M < TV, then by Lemma 9.10(3), for all P G 
M fl TV ny, TV fl P n k + C Q, which proves (3). 

(4) Suppose that M G A, ( G Rm(N), P G Mny is 5-strong, sup (TV n£) < Pn 
k < C, and r G N(lPr\K + . First assume that r < cxm,n ■ Then Q(N, M, () G BC\N, 
and Q(IV, M, £) D k = £ by Lemma 9.9. Also by Lemma 9.10(1), 

TV n P fl oim,n Q Q(TV, A/, Q. 

Hence r G Q(N, MX)- 

Assume that cxm,n < t. Note that a := tm exists since r < sup(P) G M. As 
r G N, a is in R^(M). So r G iV fl P fl cr. Let Q := Q(1V, M, er, 5), which is in 
B (~l N. Then 

QflK = ( and N fl P fl a C Q 

by Lemma 9.14. In particular, tGQ. □ 


§11. The main proxy lemma 

Let M G X and N G X U y, where N is simple. Suppose that M < N in the 
case that N G A, and sup(M fl IV fl k) <7VriKin the case that N G y. Consider 
P £ M ny such that P fl n < sup(M fl IV fl k), and assume that we are building 
an object in N which needs to be compatible in some sense with the model P. By 
Lemma 8.2, we know that M fl N is a member of N. However, when we intersect 
M with N, the model P will disappear if it is not in TV. Thus although TV sees a 
fragment of M, it does not necessarily see P even though P fl k is in TV. 

Proxies are designed to handle this situation. We will define an object p(M, TV), 
called the canonical proxy of M and TV, which is a member of TV. The canonical 
proxy codes enough information about M that we can rebuild fragments of P inside 
TV which can be used to avoid incompatibilities between P and the object we are 
constructing^ 

Although the description and the proof of the existence of proxies is quite com¬ 
plicated, in practice when we use proxies we only need to appeal to a single result, 
called the main proxy lemma , which is Lemma 11.5 below. In applications of prox¬ 
ies, it is not necessary to understand anything else about proxies except what is 
contained in that lemma. 

The next lemma asserts the existence of proxies. We will postpone the proof 
until the next section. 


7 The idea of a canonical proxy which we use in this paper is a variation of a technical device 
used by Mitchell for a similar purpose. In the proof of Mitchell’s theorem from }12j . a side condition 
is a pair (M, a), where M is a countable model and a is a proxy. In this paper we separate the idea 
of a side condition and a proxy. In contrast to m, where proxies are present in many different 
parts of the proof, all applications of proxies which we give reduce to a single lemma, which is the 
main proxy lemma, Lemma 11.5. The idea of a canonical proxy and the main proxy lemma are 
new to this paper and do not appear in m- 
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Lemma 11.1 (Proxy existence lemma). Let M £ X and N £ X U y, where N is 
simple. Assume that M < N in the case that N G X, and sup(Af fl 3V fl k) < N fl k 
in the case that N G y. Let rj* G R^(M). Then there exist finite sets a and a' 
satisfying the following statements: 

(1) a is a finite set of pairs of ordinals, and a’ = {cr : 3/3 (/3, a) G a}. 

(2) For all (/3,cr) in a , 

(a) /3 G M n N n k; 

(b) cr G N n k + is a limit oi'dinal; 

(c) sup (TV fl cr) < tj* ; 

(d) i/a/0, then min(a') = min((3V fl k + ) \sup(M fl rj*)). 

(3) If (fl, a) G a, where min(a') < a, and /3 < 7 < k, then: 

(a) A v * >7 fl sup(iV fl cr) = A CTi7 fl sup(3V fl cr); 

(b) a v ,] 7 n tv n cr = A ^ 7 n N. 

(4) If P £ M ny, PC\k £ MnN(1 k, and PnNn [sup(M C\r]*),r]*) ^ 0, then 
there exists a £ a' such that: 

(a) P fl N fl 77 * C a; 

(b) the least such a is equal to the largest a in a' such that for some fl, 
fl < P (~l k and (fl, cr) G a. 

(5) Let P and a be as in (4), and assume that (/3, cr) G a; then: 

(a) /3 < P fl k; 

(b) P fl sup(iV fl cr) = ^4 CT ,pn K fl sup(7V fl cr); 

(c) PnNDri* = A^pnis'n N - 

For the remainder of this section, we will assume that the proxy existence lemma 
holds. We now define the canonical proxy p(M, N). 

A lexicographical ordering on sets of pairs of ordinals is described as follows. 
We identify a finite set of pairs of ordinals as a finite set of ordinals using the 
Godel pairing function, and then compare any two finite sets of pairs using the 
lexicographical ordering on their corresponding sets of ordinals. 

Definition 11.2. Let M £ X and N £ X U y, where N is simple. Assume that 
M < N in the case that N £ X, and sup(M nNr\n)<Nr\K in the case that 
N£y. 

Let rjo,..., rjk-i enumerate the ordinals in R^(M) in increasing order. Define 
p(M,N) as the function with domain k such that for all i < k, p(M, N)(i) is the 
lexicographically least set a satisfying (l)-(5) of Lemma 11.1 for rf = rji. 

Note that p(M, N) is a member of N. 

The proof of the main proxy lemma will use the next two technical lemmas. 

Lemma 11.3. Let M £ X and N £ XU y, where N is simple. Assume that 
M < N in the case that N £ X, and sup(M nA^riK)<A r n«;m the case that 
N£y. 

Let k be the size of R^(M), and assume that rj* is the i-th member of R^(M), 
where i < k. Let a := p(M, N)(i) and a' := (cr : 3/3 (fl, a) £ a}. 

Suppose that P £ M fl y, P fl k £ M fl N fl k, cf (P fl k) > u), and P fl N fl 
[sup(M fl ri*),rf) 7 ^ 0. Let cr be the least ordinal in a' such that P fl N n 77 * C a, 
which exists by Lemma 11.1(4). Let Q := Sk(A a ^p nK ). Then: 

(1) Q £ N n y; 

(2) Q fl k = P fl k and Q fl n + = A at p nK ; 
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(3) Q n N n k + = P n N n 77 *; 

(4) Q fl sup(fV D cr) = P n sup(lV n cr). 

In particular, P fl N fl 77 * CQ. 

Proof. Let 9 := sup(7V Her). By Lemma ll.l(5(b,c)), 

P n 9 = A CT , PriK n 9 and P n N n 77 * = A a , PnK n N. 

In particular, as A a ,p nK £ N, Lemmas 7.10 and 8.16 and the second equality imply 
that ^4 CT ,pn/t is closed under H*. So Q fl n + = A a ,p nK . Hence 

Q n N n k + = A„ tPnK nN = PnNnr]*, 

which proves (3). Also by the first equality, 

Q fl sup(lV fl a) = Q fl 9 = A a ^p nK n9 = Pn9 = PP\ sup(lV n cr), 

which proves (4). 

We claim that Q fl k = P fl n, which proves (2). Since Q and P f \ n are in N , it 
suffices to show that N models that Q(1k = PHk. So let a £ QC\ NHk, and we will 
show that a < PHk. Then a£Qn./VnK + =Pn./Vn? 7 *. Soa£PflK. Conversely, 
let a £ TVnPriK, and we will show that a £ Q. Then a £ Pfl = QnN(lK + , 

so a £ Q. 

To prove (1), it suffices to show that lim(C sup (Q)) fl Q is cofinal in sup(Q). Since 
Q(1 k + = A a ,p nK , sup(Q) < a. Also note that since P fl [sup(M fl rf), 77 *) 7 ^ 0 and 
P and r]* are in M, p* is a limit point of P by Lemma 7.30. 

Case 1: 9 < a. Since cf(Q (!«;)= cf(P D «) > w, it suffices by Lemma 7.15 
to show that cf(sup(Q)) > w. Since a = min ((AT fl k + ) \ 9), a has uncountable 
cofinality. So if sup(Q) = a, then we are done. 

Otherwise by elementarity, sup(Q) € Nr\a C 9. By (4), QHk + = Qd9 = PD9. 
It follows that sup(Q) = sup(Pfl 6 l ), which is a limit point of P below 9. Since 77 * is a 
limit point of P and sup(Q) < 9 < p* by Lemma ll.l(2(c)), if sup(Q) has countable 
cofinality then sup(Q) £ P by Lemma 7.14. But then sup(Q) GPC\9 = Qr\9, 
which is impossible. Therefore sup(Q) has uncountable cofinality. 

Case 2: 9 = a. Then a is a limit point of N, and in particular, cr has cofinality 
w. By Lemma ll.l(2(c)), sup(iV n a) = a < rj*. Since a has cofinality to and if 
has uncountable cofinality, it follows that a < 77 *. 

We claim that sup(P fl N fl cr) < cr. Suppose for a contradiction that sup(P fl 
N fl cr) = cr. Then a is a limit point of P. As 77 * is a limit point of P, a < sup(P). 
Since cr has cofinality u and cf(P fl k) > u>, Lemma 7.14 implies that a £ P. So 
a £ N fl P fl 77 *, which contradicts that N fl P fl 77 * C a. 

To show that Q £ y, by Lemma 7.15 it suffices to show that cf(sup(Q)) > uj. 
Since 9 = a, by (4) we have that Q fl a = P fl a. Therefore Qr\Nna = PnNHa. 
By the claim, 

sup(Q n iv n cr) = sup(P nivno-) < a. 

If sup(Q) = cr, then since Q £ N and cr is a limit point of N, it is easy to argue by 
elementarity that Q fl N fl k + is cofinal in cr, which is false. Therefore sup(Q) < 
a = 9. Since QCi9 = Pn9, it follows that sup(Q) = sup(Qfi0) = sup(Pn$), which 
is a limit point of P below 9. Since 77 * is a limit point of P and sup(Q) < 9 < 77 * by 
Lemma ll.l(2(c)), if sup(Q) has countable cofinality then sup(Q) £ P by Lemma 
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7.14. But then sup(Q) G PnO = QC\6, which is impossible. Therefore sup(Q) has 
uncountable cofinality. □ 


Lemma 11.4. Let M G X and TV G XU y, where TV is simple. Assume that 
M < TV in the case that N G X, and sup(M nA f nn)<A r riftm the case that 
NGy. 

Let k he the size of R^(M), and assume that p* is the i-th member of 
where i < k. Let a := p(M, N)(i) and a' := {a : 3/3 (/3, cr) G a}. 

Suppose that (/3, a) G a, where min(a') < a. Assume that Q G TV (~l y is such 
that (3 < Q n k, Q U k G M UN U k, ci(Q (~l k) > lo, Q fl k + = Aa t Qn K , and 
Q fl TV fl [sup(M n 77 *), a) yf 0. 

Let P := Sk(A v *^Q nK ). Then: 

(1) p g Mny ; 

(2) P fl k = Q fl k, P fl n + = and sup(P) = p*; 

(3) P n TV n [sup(M n p*),p*) ^ 0; 

(4) P n M n K+ = Q n M n «+. 


Proof. Let 7 := Q fl k and 9 := sup(TV 0 a). By Lemma 11.1(3), 

Aq* i7 fl 6 = ^ 4 cr ,7 H 8 and A >7 fl TV fl a = A a )7 fl TV. 

We claim that 

A v *, 7 UM = A a ^ n M. 

Let a G A r} » rl fl M, and we will show that a G A Grt . Then a G Mr p*. By 
Lemma ll.l(2(d)), sup(M Up*) < min(a') < a. Since min(a') G TV, sup (MUp*) < 
sup(TVfid). So 

a < sup(M fl p*) < sup(TV fl cr) = 9. 

Hence 

ex G A i7 0 9 = Afj y n 9 : 

so ex G Afj 

Conversely, let a G H CTj7 fl M, and we will show that a G A rl * rr Since Q fl k + = 
A aa , a G Q fl M fl k + . We claim that a G TV. If TV G (V, then a G Q G TV 
implies that a G TV. Suppose that N G X. Then M < TV, Q G TV fl y, and 
QriK = 7eMnTVn/t, which implies by Lemma 8.7 that Q f~l M fl n + C TV. In 
particular, a G TV. Hence in either case, 

ex Afj ^ fl TV = j 4^* i7 fl TV fl g. 

So ex G A v *^. 

We have proven that A ^. )7 fl M = H CTj7 fl M = Q fl M fl n + . Since A ^. >7 is 
in M, it follows that A v *^ is closed under H* by Lemma 7.10. In particular, 
P fl k + = A v * n . So 

P n M n k + = Aj *, 7 n M = A a ^ n M = Q n M n k + , 
which proves (4). 

Next we claim that P fl n = 7 and sup(P) = p*, which proves (2). Since P, 
7 , and p* are in M, it suffices to show that M models these statements. Let 
ex G P fl M fl k, and we will show that ex < 7 . Then ex G P fl M fl k + = Q fl M fl k + . 
So a G Q fl k = 7 . Conversely, let a G M fl 7 , and we will show that ex G P (1 k. 
Then 

a€Mfl 7 = MnQflK;CMn( 5 flK + =MflPnK + . 
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So a £ P. 

Now QniVn [sup(M n 77 *), <r) is nonempty by assumption, so fix r in this 
intersection. Then 

reQr\K + nN = A an niv = A v »^ rNra. 

So r £ A v * n = P n k + . Hence P fl N n [sup(M n 77 *), 77 *) ^ 0, which proves (3). 
By Lemma 7.30, it follows that 77 * is a limit point of P. Since sup(P fl k + ) = 
sup(H I? . j7 ) < 77 *, we have that sup(P) < 77 *. As 77 * is a limit point of P, it 
follows that sup(P) = 77 *, finishing the proof of (2). In particular, as the ordinals 
P (~l k = Q fl k and 77 * both have uncountable cofinality, it follows that P £ y by 
Lemma 7.15, which proves (1). □ 

We are now ready to prove the main lemma on proxies. This lemma contains all 
the information about proxies that we will need for applications. 

Lemma 11.5 (Main proxy lemma). Let M £ X and N £ I’Ll y, where N is 
simple. Assume that M < N in the case that N £ X, and sup(MnlVTlK) < NC\k 
in the case that N £ y. Let 77* £ 

Suppose that M' £ N n X and N' £ N fl (A U y), where N' is simple. Assume 
that M' < N' in the case that N' £ X, sup(M' n N' fl n) < N' fl k in the case 
that N r £ y, and N £ X iff N' £ X. Suppose that M fl N = M' fl N' and 
p(M,N) =p(M',N'). 

Assume that P £ May, P n k £ M fl N fl k, cf (P fl k) > u, and r £ 
P n N n [sup(M n ? 7 *), rf). Then: 

(1) There is Q £ N'py such that QC\k = PHk and QnNDn + = P(lN D 77 */ 
in particular, r £ Q. 

(2) If t £ N', then there is P' £ M'ny such that P'Hk = PC\n, P'r\N'r\K + = 
Q Cl N' Cl k + , and P' fl M' fl k + = Q fl M' fl n + ; in particular, r £ P'. 

(3) If N £ y, then there is P' £ M' fl y such that P' fl n = P fl k and r £ P'. 

Moreover, if S is given and P is S-strong, then the models Q and P' described in 
(1), (2), and (3) are also S-strong. 

Proof. Let k be the size of R^(AI), and fix i < k such that 77 * is the i-tli member 
of Rh(M). Let a := p(M,N)(i) and a' := {u : 3/3 (/3,a) £ a}. 

(1) Let <7 be the least ordinal in a' such that P (~l N fl 77 * C cr, which exists by 
Lemma 11.1(4). By Lemma 11.1 (2(d)), min(a') = min((lV fl k + ) \ sup(M flry*)), 
which is strictly less than a since Pfl A^fl[sup(Mflry*), 77 *) ^ 0 and PfliVfl 77 * C cr. 
Fix [3 such that (/?, a) £ a. By Lemma ll.l(5(a)), /3 < P fl k. 

We apply Lemma 11.3. Note that all of the assumptions of this lemma are 
satisfied. Let Q := Sk(A a ^p nK ). Then by Lemma 11.3, 

(a) Q £ N ny; 

(b) Q fl k = P fl k and Q (~l k + = A at p nK ; 

(c) Q n N n n+ = P n N n 77 *; 

(d) Q fl sup(./V fl cr) = P fl sup(AL fl a). 

Since p(M, N) = p{M ', N'), it follows that p(M, N) £ N' , and so in particular, 
a £ N'. And Qnn = Pr\K£Mr\Nr\n = M’ (~l N' fl k C N'. So cr and Q fl k are 
in N'. Therefore A a ,Q nKj and Q are in N 1 by elementarity. Properties (a), (b), and 
(c) above imply ( 1 ). 
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(2) Assume that r £ N'. We apply Lemma 11.4 to M’ and N’. Let ??g be the 

7 -th member of R^,(M'). Let ao := p{M' , Note that ao = p(M,N)(i) = a 

and a' 0 = a'. 

Let us check that the assumptions of Lemma 11.4 are satisfied. Since p(M, N ) = 
(/?, er) £ p(M',N')(i) = ao, and min(ag) = rnin(a') < a. We know that 
Q e N' ny, p < Pn K = Q n K, Q n K = P n K e M n N n K = M' n N' n K, 
ci(Q n k) = cf(P fl k) > u), and Q C\ k + = A CTi Qn/ 4 - 
It remains to show that 

QnN 1 n [sup(M' fl r/o), u) 0 . 

Since t £ P <1 N <1 [sup(M nr/*),?]*) and 

PnNnri* C Abler C sup (A fl a), 

it follows that t < a, and 

r g P n sup(A n a) = Q n sup(A n a) 

by property (d) above. Also r £ A' by assumption. So 

t £ Q n N' n [sup(M n 77 *), 7 ?*), 

and therefore min(a') = min((A fl k + ) \ sup(M fl 77 *)) < r. But then 

sup(M' fl 770 ) < min((7V' fl k + ) \ sup(M' n 77 J)) = min(ao) = rnin(a') < r. 

So t £ QnWn[sup(Af'n77o), a). This completes the verification of the assumptions 
of Lemma 11.4. 

Let P' := Sk(A v * t Q nK ). Then by Lemma 11.4, 

(i) P’ £ M' n y-, 

(ii) P' n K = Q n K, P’ n k + = A v * tQnii , and sup(P') = 77 ^; 

(iii) p’nN’n [sup (M' n ^), ± 0; 

(iv) p' n M' n k+ = Q n M' n k+. 

In particular, P' (~l k = P (~l k. It remains to prove that 

P' n TV' n k + = Q n N' n k + . 

We apply Lemma 11.3 to M r , N 1 , and P’. Note that the assumptions of Lemma 
11.3 are obviously satisfied, except for the claim that a is the least ordinal in ag such 
that P'n 7 V'n? 7 g C a. So let cr' be the least ordinal in a' 0 such that P'n./V'n? 7 o C a'. 
Then by Lemma 11.1 (4(b)), a' is the largest ordinal in Og such that for some 7 , 
7 < P' fl k and ( 7 , a') £ ao- Now a is the least ordinal in a' = a' 0 such that 
IV fl P fl if C a, so again by Lemma ll.l(4(b)), cr is the largest ordinal in a' = a' 0 
such that for some 7 , 7 <PriK = P'n/v and ( 7 , a) £ a = a 0 . So er and a' satisfy 
the same definition, and hence a = a 1 . So indeed er is the least ordinal in ag such 
that P' fl IV' fl 77g Q c- 

Since er = er' and Pfls = P' n k, Q = Sk(A a ^p nK/ ) = Sk(A a ' t pi nKj ). By 
Lemma 11.3, Q fl N' fl k + = P' fl IV' fl t/q. But P' = Sk(A v ^Q nK ), and therefore 
p' n ? 7 q = P' n k+. So Q n N’ n «+ = p' n N' n k+. 

(3) If A' € A 1 , then N' £ y. So Q £ N' implies that Q C N’. Hence r £ N 1 . So 
we are done by ( 2 ). 

Finally, the last statement follows from the properties of Q and P' described in 
(1) and (2) together with Lemma 5.6. □ 
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The main proxy lemma was concerned with the case that PGMny,PC\KG 
M fl N (~l k, p* G Rfj(M), and r G P fl N D [sup(M fl r]*),T]*). Another case which 
often occurs in the same contexts is that P G M fl y, P fl k G M (~l N n n, and 
t G P fl N fl <xm,n ■ This situation is handled by the next two lemmas. 

Lemma 11.6. Let M G X and N G XU y, where N is simple. Assume that 
M < N in the case that N G X, and sup(M nNr\n)<Nr\K in the case that 

Ney. 

Suppose that M' G N fl X and N 1 G N fl {X U y), where N 1 is simple. Assume 
that M' < N' in the case that N' G X, sup(M' (~l N' fl k) < N' fl k in the case 
that N r G y, and N G X iff N r G X. Suppose that M n N = M' fl N' and 
p(M,N) = p{M',N'). 

Assume that P G M fl (V, PflK G M D N fl k, cf(P fl k) > lo, PC I cxm,n Is 
unbounded in (Xm,n> and tq G P fl N fl aM,JV- Let p* := min((M n k + ) \ aM,Jv)- 
Then: 

(1) There is Q G N'ny such that QC\n = PUk and QnNnn + = P(lNC\p*; 
in particular, tq G Q. 

(2) If To G N', then there is P' G M’ fl y such that P' n k = PHk and r 0 G P'. 
Moreover, if S is given and P is S-strong, then the models Q and P' described in 
(1) and (2) are also S-strong. 

Proof. Since cxm,n G N by Lemma 8.2, cxm,n £ M. But cxm,n < sup(P) and 
sup(P) G M. It follows that ocm,n < sup(P). Consequently, the ordinal p* = 
min((M fl k + ) \ aM,Jv) exists and is greater than cxm,n ■ Therefore p* G R^(M). 
Since o:m,n is a limit point of the countable set MC\N, it follows that cf (aM,Jv) = w. 
As cf(P fl k) > uj, we have that otM,N & P by Lemma 7.14. So c*m,n G N fl P fl 
[sup(M fl p*), p*). 

We apply the main proxy lemma, Lemma 11.5, letting r = cxm,n- Then the 
first statement of (1) above follows from Lemma 11.5(1). Since tq < (Xm,n, To G 
N (1 P Up* C Q. For (2), we have that 

&m,n = sup(M n N) = sup(M' n N r ), 

which is in N' by Lemma 8.2. By Lemma 11.5(2), there is P' G M' n y such that 
P' fl k = P fl k and P' fl N' fl k + = Q fl N' PI k + . Assume that r 0 G N'. Then 

T 0 GQnA'nft + = P'nA'nK + c p’. 

Therefore tq G P'. □ 

Lemma 11.7. Let M G X and N G XU y , where N is simple. Assume that 
M < N in the case that N G X, and sup(M nA r nK)<A r n>t!n the case that 

Ney. 

Suppose that P G M ny, P fl n G M fl N fl k, PC cxm,n is bounded below cxm,n, 
and t G P (~l N fl o.m,n ■ Then there is P' G M fl N fl y such that P' fl k = P fl k 
and t G P’. Moreover, if S is given and P is S-strong, then P’ is S-strong. 

Proof. Let a := c*m,n and <5 := sup(M fl N fl n). Define 

a := sup(P fl A a} s). 

By Lemma 8.11, a satisfies: 

(a) cr G M (~l IV n k + ; 

(b) P n a = A CT , PnK ; 
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(c) P n (Mn N) n n+ = A a , PnK , n (iniV); 

(d) N n P n cxm,n Q Averin,. 

Since a and PC Ik are in M n N, Lemma 7.10 and (c) imply that A at p nK is closed 
under H*. Let P' := Sk{A a p PK ). Then P' is in M n N. 

By (b), we have that 

p' n k = At.-pok nK = Pnann = Pnn. 

By (d), r £ A CTi p nK CP'. It remains to show that P' G y. It suffices to show that 
lim(C' sup (p/)) fl P' is cofinal in sup(P'). 

Since P and A at g are closed under successors, Pr\A at g has no maximal element. 
As a is a limit point of P, 

sup(P') = sup(A CTi pn K ) = sup(P (~l a) = a. 

Also P' fl k + = A CTj pn K = P fl a. So it is enough to show that lim(C a ) fl P is cofinal 
in a. 

Now a is a limit point of P, and therefore has cofinality less than k. If a ^ P, 
then (7 G cl(P) \ P, so by Lemma 7.13, lim(C cr ) fl P is cofinal in a and we are done. 
Otherwise a G P. By the definition of a, a is not in A a: g. Now A a j is closed under 
H* by Lemma 7.29. So Q := Sk(A a j) is an elementary substructure of A with 
Q fl k + = A a ^. Let a' := min((Q fl k + ) \ a ), which exists since a < a. Then a' 
has uncountable cofinality, which implies that lim(C l cr ') is cofinal in a'. Also by the 
elementarity of Q, a is a limit point of C a ', and therefore 

C a = C a > O a. 

Again by the elementarity of Q , lim(C cr ') fl Q is cofinal in sup(Q 0 a 1 ) = a. In 
particular, lim(C' cr ) is cofinal in a. 

Since a G P and a has cofinality less than k, ot(C CT ) G Pflc, and therefore 
C a C P. Hence lim(C' cr ) fl P = lim(C cr ), and this set is cofinal in a as observed 
above. 

Finally, assume that P is 5-strong. Then P r C\K = Pr\n, P'gMHN, and by 

(b), 

p' n (Af n N) n k+ = A^ PnK n(MnN)c A^ PnK c p. 

So P' is 5-strong by Lemma 5.6. □ 

§12. The proxy construction 

Let M G X and N G AU y, where N is simple. Assume that M < N in the case 
that N G A, and sup(AfnAflK) < NHk in the case that N G y. Let r)* G 
We will prove that there exist sets a and a' satisfying properties (l)-(5) of Lemma 
11.10 

We recall a well-ordering on finite sets of ordinals which was used in m- For 
finite sets of ordinals x and y , define x -< y if x ^ y and max(xA y) G y. 

Lemma 12.1. The relation -< is a well-ordering of [On\ <UJ . 

^Our proof of the proxy existence lemma is based on the construction of Mitchell 1121 Lemma 
3.46]. We point out that there is a mistake in Mitchell’s construction. The problem arises in the 
case when the ordinal r] from that proof is defined as max(lim(Co:) D X), and 77 happens to have 
dropped below sup(M'). In this case, there appears to be no reason why recursion hypothesis 
(lc) can be maintained. This problem was discovered by Gilton, and later corrected by Krueger. 
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Proof. It is obvious that -< is irreflexive and total. For transitivity, let x -< y -< z, 
and we will show that x -< z. Let a := max(a;A y), f3 := max(yAz), and 7 := 
max(:rA 2 ). Then a £ y\x and (3 £ z\y. We will show that 7 £ z. Suppose for a 
contradiction that 7 ^ z, so that 7 £ x. 

The following statements can be easily proved: (1) a, (3, and 7 are distinct; (2) 
a £ z implies that a < 7 ; (3) a (f z implies that a < /3; (4) (3 £ x implies that 

[3 < a; (5) f3 £ x implies that /3 < 7 ; ( 6 ) 7 £ y implies that 7 < f3; and (7) 7 £ y 

implies that 7 < a. Now one can easily check by inspection that any Boolean 
combination of the statements a £ z, [3 £ x, and 7 £ y yields a contradiction. For 
example, suppose that a £ z, f3 £ x, and 7 £ y. Then (2), (4), and ( 6 ) imply that 

a < 7 , (3 < a, and 7 < j3, which in turn imply that a < 7 < (3 < a, which is 

absurd. The other possibilities are ruled out in a similar manner. This completes 
the proof that -< is transitive. 

To show that -< is a well-ordering, suppose for a contradiction that (. x„ : n < 10 ) 
is a -^-decreasing sequence of finite sets of ordinals. We define by induction an 
increasing sequence (k n : n < ui) of integers and a C-decreasing sequence (A n : n < 
w) of infinite subsets of w as follows. Let ko = 0 and A 0 = w. 

Assume that k n and A n are defined, where A n is an infinite subset of u>. Let 
k n . (_i be the least integer in A n strictly greater than k n . Now for all r £ A n with 
r > k n +\, we have that x r -< Xk n+1 , and hence max(x r Axk n+1 ) £ Xk n+1 ■ Since Xk n+1 
is finite and A n is infinite, we can find an infinite subset A n+ 1 of A n \ ( k n +\ + 1) 
such that for all r,s £ A n+ 1 , max(x r A Xk n+1 ) = max(a: s Aa;fc rl+1 ). 

This completes the construction. For each n, let a n := max(xk„Axk n+1 ). We 
claim that (a„ : n < ui) is a descending sequence of ordinals, which gives a contra¬ 
diction. Let n < uj. Since Xk n+1 -< Xk n , a n £ Xk n \xk n+1 - So clearly a n ^ a n +i- 
Suppose for a contradiction that a n < a n +i ■ Then by the maximality of a n , a n +i 
cannot be in Xk„ Axk n+1 , and therefore must be in Xk„ Hxk n+1 ■ But by construction, 
max(xk n Axk n+2 ) = a n . Therefore a n +i must be in Xk n+2 , since otherwise it is in 
Xk n Axk n+2 but larger than a n . This contradicts that a ra +i = m ax(xk n+1 Ax/c n+2 ) 
is in x kn+1 \ x kn+2 . □ 

We will define by induction two sequences of sets ao,... ,a n and bo,.... b n . The 
induction stops when b n = 0. Each 07 - and bk will be a finite set of pairs of ordinals. 
We let a' k := {a : 3/3 {/3,a) £ a k } and b' k := {ry : 3/3 (/3,?/) £ b k }. 

By construction, for each k, b' k+1 will be equal to ( 6 ^.\{ 77 })Ua:, where y = nhn( 6 ' fc ) 
and a; is a finite subset of y. In particular, max( 6 , fc A 6 J. +1 ) will be equal to 77 , which 
is in b' k , and hence b' k+1 -< b' k . Therefore the sequence of b’ k s is ^-descending, and 
so must terminate with the empty set after finitely many steps. 

When defining these sequences, we will maintain the following inductive hy¬ 
potheses: 

(A) For all (/3,<r) e a k , /3 £ M (~l N PI k, a £ N (~l k + is a limit ordinal, and 
sup(AHer) < y*. The least member of a' k , if it exists, is equal to min((ATn 
k + ) \ sup(M fl y*))- For each a £ a' k , there is a unique (3 with (/3, a) £ a k . 

(B) For all (/3, y) £ b k , (3 £ M fl N fl k and y < y* is a limit ordinal. If yo < y\ 
are successive elements of b’ k , then N fl [ 770 , ? 7 i) 7 ^ 0. For each y £ b’ k . there 
is a unique (3 with (/3, 77 ) £ b k . 
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(C) If bk ^ 0, then at ^ 0 and ma x(a' k ) < min( 6 ' fc ). 

(D) If (/3, a) G ak and min(aj.) < cr, then for all 7 with (3 < 7 < k, 

A v * i7 fl sup(N Dcr) = H sup(7V (~l cr). 

(E) If (/ 3 ,77) G bk, then for all 7 with /3 < 7 < k, 

- A-jj* , 7 n Tj. 

(F) If (/ 3 ,77) G bk, then whenever P G M n y is such that 

PnneMnNnn and PniVn [77“,77) ^ 0 , 
where 77“ is the largest ordinal in a' k U b' k less than 77, then /3 < P n n. 

(G) Whenever P G M fl y is such that 

PnKGMniVnft and PniVn [sup(M n 77 *), 77 *) ^ 0, 
then P fl N fl 77 * C max(a' t U b' k ). 

(H) Suppose that P G M fl y and r satisfy that 

P fl k G M C\ N n k and rGPniVn [sup(AP fl 77 *), 77 *). 

Let a := min((a^. U b' k ) \ (r + 1)), which exists by (G), and assume that 
a G a' k . Fix j3 with (j3,<j) G ak- Then: 

(i) /? < P fl k; 

(ii) P fl sup(7V fl ct) = (~l sup(PV fl cr). 

(I) If (/3, cr) G afc U where min(aj.) < cr, then P := Sk(A v * y p) satisfies that 
P € M ny, P fl k =/3, PriAt + = and PnAn [cr - ,? 7 *) 0, 

where cr - is the largest member of a' k U b' k less than a. 

Note that since olm,n is a limit point of M and cxm,n < V*> it follows that 
otM,N < sup(M fl 77 *). 

Suppose that P is as in (G), and cr is the least ordinal in a k U b' k such that 
P fl N fl 77 * C cr. By the minimality of cr, we can fix r G P fl IV fl 77 * such that 
cr - < r, where cr - is the greatest member of a' k U b' k less than cr. Since N and P 
are closed under successors, T + lGPniVn 77 *. As P fl AP fl 77 * C cr, it follows that 
cr = min((a , fc U b' k ) \ (r + 1 )). 

In the arguments which follow, we will frequently consider models P G M fl y 
such that P fl [sup(M fl 77 *), 77 *) ^ 0, for example, in (G) and (H). Note that by 
Lemma 7.30, for any such P, 77 * is a limit point of P. Therefore by Lemma 7.27, 

p n 77 — Ajj* pr ) K . 

Assume that ao,... ,a n and bo,, b n are sequences satisfying properties (A)- 
(I), where n is the least integer such that b n = 0. Let us show that the sets a := a n 
and a 1 := {a : 3/3 (f3,a) G a} satisfy properties (l)-(5) in the conclusion of Lemma 

11 . 1 . 

(I) is immediate, and (2) follows from (A). (3(a)) follows from (D). For (3(b)), 
let us prove that the equation 

a „. )7 n N n a = A an n N 
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follows from the equation 

fl sup(X n a) = A CTj7 n sup(X n cr), 

which holds by (3(a)). Let £ G Aj* )7 nX fl cr, and we will show that £ € A a< . y . Then 
£ < sup(X fl cr), so by the last equation, £ G A an . Conversely, let £ € A<t i7 n AT, 
and we will show that £ G A v -^. Then £ G AT fl cr, so £ < sup(X fl cr). By the last 
equation, £ G A r) * r/ . 

(4) Suppose that 

p g M n y, P n k g m nxn«, and Pnivn [sup(Mn 77 *), 77 *) ^ 0. 

By (G) and the fact that b' n = 0, 

P fl AT fl 77 * C max(o'). 

Let cr G a' be the least ordinal such that Pfl Xn? 7 * C cr. Fix /3 such that (/3, cr) G a. 
Define 

X := {(/3', a') £ a : (3 1 < P C\ k} and X' := {a' : 3/3' (/3', a') G X}. 

We will prove that cr = max(X'), which completes the proof of (4). 

By the minimality of cr, clearly there is r G X fl P fl [sup(M fi 77 *), 77 *) such that 
cr = min(a'\(r + l)). By (H), /3 < Pflfc. It follows that (/3,cr) G X , and so cr G X'. 

Suppose for a contradiction that there is cr' G X' which is larger than cr. Fix /3' 
with (/3',cr') G X. Then cr < (cr') _ , where (cr') _ is the largest member of a' which 
is less than cr'. By (I), 

n Xn [(cr') _ ,77*) 7 ^ 0. 

Since cr < (cr') _ , it follows that 

nxn [cr, 77 *) 7 ^ 0 . 

As /3' < P fl k by the definition of X, 

A^* ^/3' c = p n 77 . 

But then P fl X fl [cr, 77 *) 7 ^ 0, which contradicts that P fl X fl 77 * C cr. 

(5) Suppose that P G M ny satisfies that 

PflKGMnJVriK and P fl X fl [sup(M fl 77 *), 77 *) 7 ^ 0, 

cr is the least ordinal in a' such that P n X n ?]* C a, and (/3, cr) G a. By the 
minimality of cr, we can fix r G P (~l X fl [sup(M n 17 *), r]*) such that cr = min(a' \ 
(r + 1)). Then (5(a,b)) follow immediately from (H(i,ii)). For (5(c)), PnXfl 77 * = 
PnXflff, and 

Pnxn<r = Pnsup(Xn a) nx = A atPnK nsup(xn a) nx = A a , PnK nx. 

We now turn to proving that there exist sequences ao,...,a n and bo ,..., b n 
satisfying properties (A)-(I), where n is the least integer such that b n = 0. 

First we consider the base case. Let /3 be the least ordinal in M n X n ft for 
which there exists P G M fl y such that 

P fl k = (3 and P fl X fl [sup(M fl 77 *), 77 *) 7 ^ 0. 

If there is no such /3, then let ao = 0 and b 0 = 0, and we are done. 

Suppose that /3 exists. Then obviously Xfl [sup(M Hr?*), 77 *) 7 ^ 0. Define 

ao '■= {(0, min((X fi fv + ) \ sup(M Ht?*)))} and b 0 := (/3, 77 *). 
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In the case that ao = &o = 0 , the inductive hypotheses are all vacuously true. In 
the other case, the inductive hypotheses are all either vacuously true or trivial. 

Now we handle the induction step. Assume that k < u> and a k and b k have been 
defined and satisfy the inductive hypotheses. If b k = 0 , then we are done. Assume 
that b k is nonempty. Then by (C), a k ^ 0 . Let 77 be the least member of b ' k , and 
let [3 be the unique ordinal such that (j 3 ,rj) G bk- By (A) and (B), nrax(a^,) and ij 
are limit ordinals. By (C), max(aj.) < 77, and in particular, co < 77. 

First consider the easy case that 77 = 770+w for some limit ordinal 770. Let a-k+i '■= 
a-k- If max(a' fc ) < 770, then let b k +i ■= ( b k \ {(/ 3 ,77)}) U {(/ 3 ,770)}- Suppose that 770 < 
max(aj,). Since nrax(aj c ) is a limit ordinal and nrax(a^.) < 77, clearly max(aj.) = 770. 
In this case, let b k+ 1 := b k \ {(/ 3 ,77)}. All of the inductive hypotheses can be easily 
checked, using Notation 7 . 2 ( 4 ) and the fact that if P G y and P PI N fl [770,77) ^ 0 , 
then by the elementarity ofPfllV, 77 G P fl N. 

From now on we will assume that 77 is a limit of limit ordinals. In particular, 
every ordinal in C v is a limit ordinal by Notation 7 . 2 ( 3 ). 

Define 

9 := sup(lim(C r/ ) fl cl (N)). 

We split the definition of a k +i and b k+ i into two cases. 

Case 1 : 9 = sup(iV). 

Note that since max(a' fc ) G N and sup(iV) = 9, it follows that max(aj.) < 9. 

Claim 1 : ij = ma.x(6 , fc ). Suppose for a contradiction that there is if G b' k greater 
than 77. Fix / 3 ' with (ft 1 , if) G b k . Then 77 < ( rf)~ , where (if)~ is the largest ordinal 
in a' k Ub' k less than 77'. By (I), A n * O-ZVO [(77')“, V*) 7^ 0 - Fix r in this intersection. 
Then 9 < 1 7 < ( rj')~ < r and r G IV, which contradicts that 9 = sup(-ZV). 

Since N is simple, ot(Cg) = sup(IV fl k). Let £ := sup(M fl N fl k), which is in 
N fl k by Lemma 1 . 30 . Define a := cg^. Since 9 = sup(A r ) and £ G IV, a G N 
by Lemma 7 . 19 . As £ has countable cofinality, so does a. In particular, N fl a is 
cofinal in a. 

Claim 2 : Ag^ = A a ^ and sup(A crj j) = a. As £ is a limit ordinal, a = c$^ G 
lim(C'e). Therefore A a ^ = Ag^Ha. In particular, A a ^ C Ag^. On the other hand, 
since £ < sup(iV fl/t) = ot(C'e), it follows that Ag ^ C cg^ = a by Notation 7 . 4 ( 6 ). 
So Ag^ C A$£ 0(7 = A a ^. This proves that Ag^ = A a ^. 

Since £ = sup(M O N O k), by the elementarity of M O N, £ is a limit of 
limit ordinals. Therefore <7 = eg^ is a limit of lim(Cg) O <r. For any ordinal 
£ G lim(C'e)n< 7 , the fact that £ G lim(C'e) Ocg^ and £ < ot (Cg) implies by Notation 
7 . 4 ( 6 ) that £ G Ag^. So lim (Cg) O a is cofinal in a and is a subset of Ag^. Hence 
sup(A CTj? ) = sup(Ag^) = cr. 

We now define a k +i and b k + 1- Let b k +1 := 0 . If cr < max(a' fc ), then let afc+i := 
a k . If max(afc) < cr, then let a k +1 := a k U {(/ 3 , <r)}. 
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We prove that the inductive hypotheses are maintained. First, consider the case 
when a < max(a' fc ). Then afc+i = a*, and bk +1 = 0 . Inductive hypotheses (A), (B), 
(C), (D), (E), (F), and (I) are all either vacuously true, or follow immediately from 
the inductive hypotheses. 

For (G) and (H), suppose that P G M ny satisfies that 

PHnGMCNriK and P fl TV fl [sup(M D 77*), rf) 7^ 0 . 

By inductive hypothesis (G) and Claim 1 , 

P n N fl 77* C max(a' t U b' k ) = 77. 

If PnfVn?7* C max(afc), then this proves (G) for k+ 1 , and in that case (H) follows 
immediately from the inductive hypotheses. 

Otherwise P fl N fl [max(a^,),?7) 7^ 0 . Let us show that this is impossible. Since 
max(aj,) is the predecessor of 77 in a' k U b k , inductive hypothesis (F) implies that 
/? < P 0 k. Inductive hypothesis (E) then implies that 

A v ,pr\K — A^* p^ K O 77. 

As 77* is a limit point of P, 

p n 77 = A^* ,pn« n 77 = A^pp. 

Since 6 G lim(G r/ ), 

A^pdk = A VtPnK n 9 = P fl 9. 

As 9 = sup(lV), 

pnNnr] = PnNno = A e , PnK n N. 

And as PflKGMnNnK and £ = sup(M fl N fl «), it follows that P fl k < £, so 

Ag^priK Q Aq,£ = Acr : { 

by Claim 2 . So 

P fl N fl 77 = A^pdk fl N C C cr < max(e 4 ). 

This contradicts the initial assumption that P fl N fl [max(a' fc ), 77) 7^ 0 . 

Secondly, consider the case that max(a' fc ) < cr. Then ak+i = dk U {(/ 3 , cr)} and 
bk.+i = 0 . We prove that the inductive hypotheses are maintained. Inductive 
hypotheses (A), (B), (C), (E), and (F) are all either vacuously true, or follow 
immediately from the inductive hypotheses. It remains to show (D), (G), (H), and 

(I)- 

(D) By inductive hypothesis (D), we only need to check that (D) holds for k + 1 
in the case of (/ 3 , a). As noted in the paragraph before Claim 2 , N n cr is cofinal in 
cr. Also observe that since 6 G lim(C' r) ), a = eg^ = c r( y is a limit point of C v . 

Let (3 < 7 < k be given. Since (/ 3 ,77) G bk, inductive hypothesis (E) implies that 
A^ j7 = A^» i7 fl?7. Since a is a limit point of C v and sup (IVHer) = cr, it follows that 
A CT>7 n sup(A r n cr) = A CT]7 n cr = a CTi7 = A v )7 n a = (A^* >7 n 77) n cr = A v * n n a = 
A v * n fl sup(iV fl cr), which proves (D). 

(G) Suppose that P G M fl y satisfies that 

Pn/teMnJVnK and P n N n [sup(M n 77*), 77*) 7^ 0 . 

By inductive hypothesis (G) and Claim 1 , 

P fl N fl 77* C max(Ofc U b' k ) = 77. 
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If P fl N fl 77* C max(a' fc ), then since max(aj.) < max(a' fc+1 ), we are done. 

So assume that there exists r £ (P fl N fl 77*) \ nrax(a^.). We will show that 
PniVTl??* C < 7 , which completes the proof since er = max(a^ +1 ). As POiVfl 77* C 77, 
it follows that t £ P fl N fl [max(a' fc ), 77). Since max(a' fc ) is the largest member of 
a' k U b' k less than 77, inductive hypothesis (F) implies that /3 < P PI k. Inductive 
hypothesis (E) then implies that 

An,pnn = : pc\k (~177. 

But 9 £ lim(C'^) and 9 = sup(IV), so 

P fl N n 77 = ,pn« O N n 77 = A V) p nK fl N = A v ,pn K D N n 9 = Ag : pp K Fl N. 

Hence PO N Hr] C Ag,p nK . Since POkSMO-ZVOk, POk < sup(M fl Adrift) = £. 
So by Claim 2 , 

P n N n 77 C Ag^p n K C Aq^ = A a £ C a. 

Since P O ./V O 77* C 77 as noted above, we have that 

Pr\NCnf = Pr\NC[r]Co = max(a' fc+1 ). 

(H) Suppose that P £ M fl y and r satisfy that 

PHk£ MHNHk and t £ P fl TV fl [sup(M fl 77*), 77*). 

Let o' = min(oJ c+1 \ (r + 1 )). Fix /?' with (P',o') £ dk+i- If o' < o, then clearly 
o' = min(a^, \ (r + 1 )), so (i) and (ii) follow from inductive hypothesis (H). 

Suppose that o' = o, which means that max(oJ.) < r + 1 . Then / 3 ' = /3. Since 
max(aj.) is the largest ordinal in aJ,U b' k less than 77, inductive hypothesis (F) implies 
that /? < P fl k, which proves (i). By inductive hypothesis (E), 

An,priK — An* 'Pc\k C 77. 

Since o £ lim(C I) ), 

P fl c 7 = An* ,pc\k 0(7 = An^ppn O cr = A a p^ K — A a pp n O cr. 

As er = sup(IV O o), we have that P O sup( 7 V O o) = A a ,p nK O sup(IV O o), which 
proves (ii). 

(I) By inductive hypothesis (I), it suffices to consider (/ 3 , 0). Let P := Sk(An*,p). 
Since (/ 3 ,77) £ b k and rna x(a k ) is the largest ordinal in a' k U b' k less than 77, inductive 
hypothesis (I) implies that P £ M O y, P O k = /?, P O n + = A v *,p, and P O N O 
[max(a' fc ), 77*) ^ 0 . Since max(aj.) is also the largest ordinal in a' k+ 1 Lib ' k+1 less than 
cr, we are done. 

Case 2 : 9 < sup(iV'). 

Let o' := min ((IV O k + ) \ 9 ), which exists by Case 2 . If o' < max(a' fc ), then 
let o := max(aj.) and afc+i := ak- If max(a' fc ) < o', then let o := o' and ak +1 := 
o fe U {(/?, er)}. 

Define A as the set of ordinals of the form min (C v \ (£ + 1 )), where for some 

p g M n y with PfittEMnTVrift, £ GPnivn[(j, 77 ) Q 

^The set A could be empty. In fact, it is possible for example that 6 = 77 * and a = mm((N fl 
«d") \ 77 *), so that 77 < a. In this case we interpret [cr, 77 ) to be the empty set, so that A is empty 
as well. 
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Note that every ordinal in A is a limit ordinal, since C v consists of limit ordinals, 
and is strictly greater than cr. Suppose that 70 < 71 are in A. Then for some 
$ G P fl N n [a, rj), 71 = mm.(C v \ (£ + 1)). So 70 < £ < £ + 1 < 71. In particular, 

N C\ [ 70 , 71 ) 7 ^ 0 - 

Claim: A is finite. Suppose for a contradiction that A is infinite. Fix an in¬ 
creasing sequence ( 7 ^ : n < to) from A. Then a < 70 , and for each n, G C v and 
iVn[ 7 „, 7 „ + i) 7 ^ 0. It follows that the ordinal sup{ 7 n : n < w} is in lim(C I) )ncl(7V), 
and yet is greater than cr and hence 9. This contradicts the definition of 9. 

For each c> G A, define (3g as the least ordinal in M fl N fl k such that for 
some P € M Cl y, P Cl k = (3s, and there is £ G P H N (1 [a,r/) such that 5 = 
min (Cr, \ (£ + 1)). Note that (3s exists by the definition of A. Also as max(a' fc ) < cr, 
PCNn [max(a^), rj) 7 ^ 0. Therefore since max(aj[.) is the largest ordinal in a' k U b' k 
less than 77, inductive hypothesis (F) implies that (3 < P fl k = (3g. 

Define b k + 1 := {b k \ {(/?, rj)}) U {(/ 3 j, S) : S G A}. 

We verify the inductive hypotheses. Hypotheses (A) and (B) are straightforward 
to check. 


(C) We know that a k +i 7 ^ 0 and max(aj. +1 ) = cr. If A is nonempty, then 
max(a , fc+1 ) = a < min(A) = min( 6 , fc+1 ). 

If A is empty and b k+ 1 is nonempty, then min( 6 J. +1 ) is the least member of b' k 
greater than rj. So if max(a' fc+1 ) = max(aj c ), then by inductive hypothesis (C), 

max(o , fc+1 ) = max(a' fc ) < min (b' k ) = rj < min(&' fe+1 ). 

Suppose that maxfa'j.) < cr. By inductive hypothesis (B), we have that N fl 
[rj, min( 6 J, +1 )) 7 ^ 0. Since 9 < rj, N fl [9, min( 6 ' fc+1 )) 7 ^ 0. As a = min((./V fl n + ) \ 9), 
this implies that max(aF 1 ) = a < min( 6 ' fc+1 ). 


(D) By inductive hypothesis (D), it suffices to consider (/3, cr) in the case where 
maxfaj.) < a and a k +1 = a k U {(/?, cr)}. So cr = min((iV fl k + ) \ 9), and therefore 
9 = sup(IV fl cr). Let (3 < 7 < k. Then by Lemma 7 . 12 ( 2 ), 


Ag >7 — A CTj7 n 9. 

Since {(3,ij) G b k , inductive hypothesis (E) implies that 


-A^ - A.jy* ^ D Tj. 


And since 9 G lm^C^), 
Therefore 


AQ ^ - A^ ry (7 9. 


A & i7 n 9 — A $ i7 — A ^ j7 D 9 — A ^* j7 n 9. 
Since sup (N fl a) = 9, this proves (D). 


(E) Consider ((3g,6) G b k + 1 , where <5 G A. Fix P G M fl y and £ such that 
P fl k = (3s, £ G P fl N n [cr, 77 ), and 5 = min(C l; \ (£ + 1)). Let (3g < 7 < n, and we 
will show that 


-A,5, 7 - -A^* ^ry C S. 
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As observed above, f3 < fis < 7. Since (/3, 77 ) £ b k , by inductive hypothesis (E), 
■Ar/,/3§ — A^* n 77 and A r ^ 7 — A i7 n 77. 

As £ £ N n P, by elementarity £ + 1 £ iV n P. Hence 

£ +1 £ pot? = A v »^riK n 77 = A^* ,/? a o 77 = A r) ^ s . 

So £ + 1 £ A, h p s \ C v . By Notation 7.4(7), min (Cr, \ (£ + 1 )) = 6 is in A Vt p s . Since 
( 3 s < 7, S £ A v/ y. Therefore 

a^ ]7 = a,j i7 n 6 = (A n 77) n i 5 = A,,* )7 n 5 , 

proving (E). 

(F) Let ( 7 ,C) € 6 fc+i- Then either (j,() = (( 3 s, S) for some <5 £ A, or (7,^) £ bk 
and 77 < (. 

Case a: ("/,() = (Ps,S) for some 6 £ A. Suppose that P £ M fi O’ satisfies that 
PnK£AfnJVn/tandPniVn [< 5 _ ,< 5 ) ¥= 0, 

where S~ is the greatest member of a ' k+1 U b ' k+1 which is less than 5 . Then clearly 
cr = max(a' fc+1 ) < S~ . So if we fix £ £ P D N 0 [< 5 — , < 5 ), then cr < £ and <5 = 
min (C v \ (£ + !))• By the minimality of (3s, (3s < P (3 n. 

Case b: (7, C) £ bk and 77 < (. If ( is not the least element of b' k greater than 77, 
then the greatest ordinal in a' k U b' k less than ( is equal to the greatest ordinal in 
a ' k+ 1 U b ' k+1 less than £. In that case, (F) follows easily from inductive hypothesis 

(F)- 

Suppose that ( is the least member of b' k greater than 77. Then the greatest 
member of a' k+l U b ' k+1 less than (), which we denote by , is equal to either 
max(A) if A is nonempty, or a if A is empty. 

Assume that P £ M n y satisfies that 

p n k £ M n N n k and P n N n [C~,<) ^ 0. 

We will show that 7 < P fl k. If P fl N fl [77, £) ^ 0 , then since 77 is the greatest 
member of a' k U b' k less than £, 7 < P fl n by inductive hypothesis (F). 

Otherwise PniVn [C~ ,v) 7 ^ 0 - Fix £ in this intersection. Then £ + 1 is also in this 
intersection, by the elementarity of P 0 N and because 77 is a limit ordinal. By the 
definition of A, min(C' r) \(^+l)) is in A. So A is nonempty, and hence = max(A). 
Yet min (C v \ (£ + 1 )) is in A and is strictly greater than £" = max(A), which is a 
contradiction. 

(G) Let P £ M 0 y satisfy that 

PC\K&MnNr\K and P 0 N fl [sup(M D 77*), 77*) ^ 0 . 

By inductive hypothesis (G), 

P 0 N 0 77* C max(a , fc U b' k ) = max(6j.). 

If max(6' fc ) = max(6J, +1 ), then we are done. Otherwise 77 is equal to max(6' fc ), so 
P O N 0 77* C 77. If P 0 N O 77* is not a subset of max(oJ. +1 U b k+1 ), then there is 
£ € P O NO 77* such that max(aj. +1 ) = cr < £, and also max(A) = max(6' fc+1 ) < £ if 
A is nonempty. So £ £ P 0 N O [cr, 77), which implies that min (C v \ (£ + 1)) is in A. 
So A is nonempty, and rnax(A) < £ < min (C v \ (£ + 1)) £ A, which is impossible. 
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(H) Suppose that P G M fl y and r satisfy 

PC\k G M C\N C\k and t G P H N H [sup(M fl 77 *), 77 *). 

Let 

a* := min((a , fe+1 U b' k+l ) \ (r + 1)), 

and assume that a* G a' k+1 . Fix 0* with (/ 3*, a*) G a k +i- 

If a* G a' k , then the conclusion of (H) follows immediately from inductive hy¬ 
pothesis (H) for a k - Otherwise we are in the case that max(a(.) < a and cr* = a. 
Hence also 0* = 0. Clearly min((o^ U b' k ) \ (r + 1)) is equal to 77 . Since (0, 77 ) G bk 
and max(a' fc ) is the greatest member of a' k U b' k less than 77 , inductive hypothesis 
(F) implies that 0 < P 0 k, proving (H(i)). 

By inductive hypothesis (E), 

A v ,pdk = A v * : pnK O 77 = P n 77 . 


Since 9 < 77 , 

As 9 G lim(C r/ ), 

By Lemma 7.12(2), 
So 


A v , PnK ,n9 = PH9. 
Ag.pr\ K = n 9. 

Ag^pnn = Aa^prin f~l 9. 


P n 9 = A V:Pnii n 9 = Ag pp K = A CTi p n « 0 9. 
Since sup(A' Da) = 9, it follows that 

P fl sup(iV fl cr) = A CTj p nK D sup(iV n cr), 


which proves (H(ii)). 


(I) Let (y,C) G a k +1 U b k +i, where min(a' fc+1 ) = min(a' fe ) < C- If ( 7 >C) e a k, 
then the conclusion of (I) follows from inductive hypothesis (I). If ( 7 , £) G dk+i\ak, 
then (7, C) = (/?, cr) and max(a' fc ) < cr. Let P := 5fc(A ?? * ) ^). Since (0,rj) G bk, by 
inductive hypothesis (I) we know that 

p g m ny, p n k = 0, and p n k + = A v * t p. 

Also since max(a' fc ) is the greatest member of a k Ub k less than 77, inductive hypothesis 
(I) implies that 

P fl N fl [max(a' fc ), 77*) 7^ 0 . 

But the greatest member of a' k+1 U b' k+1 less than cr is also equal to max(a' fe ), so we 
are done. 

Suppose that (7, C) € b k and 77 < If £ is not the second element of b' k , 
then (I) follows immediately from inductive hypothesis (I). Suppose that £ is the 
second element of b' k . Then 77 is the greatest member of a' k U b' k less than £. Let 
P := Sk(A v * tl ). By inductive hypothesis (I), 

p g M n y, P n/t = 7, Pn« + =d,. i7 , and Pn N n [77,77*) 7^ 0 . 

Let £~ denote the largest member of a' k+1 U b' k+1 less than £, and we will show 
that Pn Wn [£",7?*) 7^ 0 . If £“ < 77, then this follows immediately from the fact 
that P fl N fl [77,77*) 7^ 0 . If A is nonempty, then clearly £“ = max(A) < 77, and we 
are done. 
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Suppose that A is empty. If min(( 7 VDR + ) \ 9 ) < max(aj,.), then £" = max(a' fc ) < 
77, and we are done. Suppose that max(aj.) < cr = min ((IV n n + ) \ 9 ). By inductive 
hypothesis (B), Nr\[q, £) ^ 0 . Since 9 <77, ATn[ 0 , £) 7^ 0 . As a = min((A^riK + ) \ 9 ), 
it follows that cr < £, and so clearly £“ = o. If a < 77, then we are done. Otherwise 
a = min((AI fl k + ) \ 77). We know that P fl N n [77,77*) 7^ 0 . But the hrst member 
of this intersection must be greater than or equal to nhn((IV 0 k + ) \rj) = a. Hence 
P fl ./V fl [cr, 77*) 7^ 0 , and we are done since ex = £~. 

In the final case, assume that (7, £) is equal to (fig, 8 ), for some 8 € A. By the 
definition of / 3 g, there exists Q £ M fl y and £ such that 

Q fl k = ( 3 g, £ G Q PI A fl [ex, 77), and S = min (C v \ (£ + 1 )). 

So Q 0 77* = A v * . Since Q and 77* are closed under H* , it follows that A v * _p s is 

closed under H*. 

We will show that P := Sk{A v *^ 6 ) satishes the conclusions of (I). Since A v * t p d 
is closed under H*, 

P n k + = A v * } p 6 = Q n 77*. 

Hence also 

PCiK = QnK = f 3 g. 

Since 77* is a limit point of Q , 

sup(P) = sup(Q n 77*) = 77*. 

As 77* and j 3 g are in M, so is P. 

To show that P £ y, it suffices to show that lim(C' r) ») fl P is cofinal in 77*. Since 
Q fl 77* = P fl 77*, 77* is a limit point of Q. If 77* is not in Q, then 77* £ cl(Q) \ Q. By 
Lemma 7 . 13 , 

lim(C' r) ») fl Q = lim(C^») 0 P 

is cofinal in 77*. Otherwise 77* € Q. Since 77* is a limit point of Q, ci(rj*) < n. 
Therefore ot (££,») £ Q 0 k by elementarity. Hence C r p C Q by elementarity. Since 
77* has uncountable cofinality, lim(C'^*) is cofinal in 77*. So 

lim(C' r) ») fl P = lim (Cr,*) fl Q = lim(C^») 

is cofinal in rj*. 

Let 8 ~ denote the largest member of a' k+l U b ' k+1 which is less than S. Then 
either 8 ~ = a if <5 = min (A), or else 8 ~ is the largest member of A which is less 
than 8 . In the first case, the ordinal £, which is in Q fl N fl [cr, 77), is a witness to 
the fact that Q 0 AT fl [< 5 “, 77*) 7^ 0 . In the second case, £ + 1 must be greater than 
8 ~, since otherwise 8 = min(( 7 r) \ (£ + 1 )) < 8 ~. So £ + 1 is a witness to the fact 
that QniVn [< 5 — , 77*) 7^ 0 . In either case, since Q fl 77* C P, P n N C\ [< 5 — , 77*) 7^ 0 . 

§ 13 . Amalgamation of side conditions 

We are now in a position to prove amalgamation results for S'-obedient side 
conditions over simple models in X, strong models in y, and transitive models. 
The proofs of these results will use almost the entirety of the technology developed 
in the paper thus far. In Part III, the amalgamation results we present here will be 
used to prove the existence of strongly generic conditions. 
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Proposition 13.1. Let (A,B) be an S-obedient side condition, where A C X and 
B cy. Suppose that N £ A is simple, and (A , B ) is closed under canonical models 
with respect to N. Assume that for all M £ A, if M < N then M C\N £ A. 

Let ( C , D) be an S-obedient side condition, where C C X and D C y, such that 

A(1 N C C C N and B C\ N C D C N. 

Also assume that N' £ C is simple, and for all M £ A, if M < N, then there is 
M' in C such that 

M' < N', MnN = M'n N', and p(M, N) = p(M', N'). 

Then {A U C, B U D) is an S-obedient side condition. 

Proof. First note that for all M £ A, if M < N then M fl N £ C. For since N is 
simple, M fl N £ N by Lemma 8.2. So M fl N £ A n N C C. 

Consider M < N in A. Since M Cl N = M' fl N' and M' < N', it follows by 
Lemma 1.19(2) that 

M n /3 M ,n = M n N n k = M' n N' n k = M' n $ M ',n>- 
So M fl Pm,n = AP fl Pm',n'- Also by Lemma 1.19(3), 

Pm,n = min(A \ sup(M fl N fl k)) = min(A \ sup(M' fl N' fl n)) = /3m',n'- 
So /3m,n = (3m',n '• 

To show that (AUC,BUD) is 5-obedient, we verify properties (1), (2), and (3) 
of Definition 5.3. (2) is immediate. 

(3) Let M £ C and P £ B. Let /3 := PHk, and suppose that f = mm((Mnn)\/3). 
Fix r £ M fl P fl n + , and we will show that f £ S T . If f3 = f, then ( £ S T since 
P is <S-strong. So assume that (3 < Q, which means that /3 M. If P £ N then 
P £ B n N C D, so f £ S T since (C, D) is 5-obedient. 

Assume that P ^ N. Since M £ C and C C N, M £ N. Therefore ( and r 
are in N. Hence Pnn = /3<(< sup(IV fl k). Let £ := min((./V fl k) \ (3). Since 
M C N, C = min((M fl k) \ f). By Lemma 10.9(1), there is Q £ B n N CD such 
that Q fl k = f and r £ Q. Then f = min((M fl n) \ (Q n k)) and r £ M fl Q fl k + . 
So C £ S T since ( C,D ) is S-obedient. 

Let M £ A and P £ D. Let /3 := PC Ik, and suppose that ( = min ((M fl k) \ f3). 
Fix r £ M fl P fl k + , and we will show that £ £ S T . If (3 = £, then £ £ S T since P 
is S-strong. So assume that (3 < £, which means that (3 ^ M. 

Since P £ D and D C N, P £ N. So (3 = P fl k is in N by elementarity. 

Case 1: (3m,n < /3. Since (3 £ N, £ = min((M fl k) \ (3) is in Rn{M). As 
P £ N fl y is S-strong, r £ M fl P fl k + , and 

sup (M n£)<PflN = /3<£, 

it follows that £ £ S T since A is S-adequate. 

Case 2: (3 < (3m,n < £• Then£ = mm((MnK)\pM,N)- Since (3 £ 
it follows that M < N. Therefore £ £ Rn(M). As P £ N fl y is S-strong, 
r £ M fl P fl k + , and 


sup(M n£)<PflK = /3<£, 
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we have that £ £ S T since A is S-adequate. 

Case 3: (3 < £ < (3m,n- Since (3 £ (N n (3m,n) \ M, it follows that M < N. As 
M < N, P £ N ny, and 

PflK<(< sup(Af D (3m, n) = sup(M nJVfl/s), 

it follows that M fl P fl k + C N by Lemma 8 . 7 . In particular, r £ M D N n n + . As 
£ < Pm,n and M fl (3m,n = M nN fl «, £ = min((M fl N n k) \ (3). But M fl N £ C, 
P £ D, and r £ (.M fl N) fl P fl k + . So £ £ S T since (C, D ) is S-obedient. 

(1) Now we prove that A U C is S-adequate. By Proposition 1.29, A U C is 
adequate. Let M £ A and L £ C. Then L £ N. We will prove that the remainder 
points in Rm{L) and Rl(M) are as required. 

First, consider £ £ Rl(M). Then by Lemmas 2.4 and 2.5, either (1) M < N, 
C < (3m, n, and £ £ Rl(M n N), or ( 2 ) (3m, n < C and ( £ Rn(M). 

Case 1: M < N , £ < (3m,n , and ( £ Rl(M fl N). Recall that L and M C\N are 
in C. Fix r £ L n M fl k + , and we will show that £ £ S T . Since L £ N , r £ N. 
So t £ L fl (M n N). Since £ £ Rl(M fl N), it follows that ( £ S T since C is 
S'-adequate. 

Suppose that P £ L fl y is S-strong, 

sup(M fl C) <fnK<(, and r £ M fl P fl k + . 

We will show that ( £ S T . Since P £ L and L £ N, P £ N. So P £ N n^, M < N, 
and 

Prwt<( < sup(M n (3m, n) = sup(M n N n k). 

By Lemma 8.7, M n P fl k + C N. In particular, r £ N. So r £ (M 0 N) fl P (~l n + . 
Since C < (3m,n and M < N, we have that M n ( = M (1 N fl (. Therefore 

sup((M n N) n C) = sup(M n () < P n k < (. 

So £ £ Rl{M fl N), P £ Ley is S-strong, sup((M fl N) fl Q < Pfl/t < (, and 
t £ (.M njV)nPriK + . It follows that C £ S T since C is S-adequate. 

Case 2: (3 m,n < C anc l C e Rn(M). Fix r € L fl M fl k + , and we will show that 
£ £ S T . Since L £ N , r £ N. So r £ M fl N fl k + . As £ £ Rn(M), it follows that 
£ £ S T since A is S-adequate. 

Suppose that P £ L fl y is S-strong and sup(M fl £) < P fl k < £. Fix r £ 
MnPflft + , and we will show that £ 6 S r . Since P £ L and L £ N, P £ N. So 
P £ Ney is S-strong. Since £ £ Rn(M), sup(Mfl£) < P C\k < £, and t £ MnP, 
it follows that £ £ S T since A is S-adequate. 

This completes the proof that the ordinals in Rl(M) are as required. 


Now consider £ £ Rm(L). Then by Lemmas 2.4 and 2.5, either M < N and 
£ £ Rmhn(L ), or there is £ £ Rm(N) such that £ = min((L fl n) \ £). Since ( £ L 
and L £ N , £ £ N . 
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Let r £ L C\ M n re + , and we will show that £ € S T ■ Since L £ N, r £ N. 
So r £ L fl (M n N). First, assume that M < N and £ £ Rmcin{L). Since 
£ £ Rmhn(L) and r £ LC\ (M f iV), it follows that £ £ S T since C is 5-adequate. 

Secondly, assume that there is £ £ Rm(N ) such that £ = min((L fl re) \ £). Since 
£ £ Rm{N ) and r € M n N fl re + , by Lemma 10.9(2) there is Q £ B (1N C D such 
that = ( and t £ Q. Then £ = min((L fl re) \ (Q fl re)) and r £ L fl Q fl re + , 

which implies that £ £ S T since (C,D) is 5-obedient. 

Suppose that P £ M fl y is 5-strong, 

sup(P fl £) < P n re < £, and r £ iflPfl re + . 

We will prove that £ £ S T . Note that since r £ L and L £ N, t £ N. 

Case 1: (3 m,n < PH re. Let 9 := min((lVfire) \ (Pflre)). Note that 9 exists since 
£ £ N. Also £ = min((P n re) \ 9). Since PfI re £ (M n re) \ (3m,n, it follows that 
9 £ Rm{N) and 

sup(iV fl 9) < P fl re < 9. 

Also r £ /VflPfl re + . By Lemma 10.9(4), there is Q £ B n N CD such that 
Q fl re = 9 and r £ Q. But then £ = min((L fl re) \ (Q fl re)) and r £ L fl Q fl re + , 
which implies that £ £ S T since ( C,D) is 5-obedient. 

Case 2: PC I re < (3m,n and N < M. Recall that either M < N and £ £ 
Rmcn(L), or there is £ £ Rm{N) such that £ = min((L n re) \ £). Since N < M, 
we are in the second case. 

Subcase 2(a): P fl re < sup(./V 0 (3m,n)- Since N < M, sup(N fl (3m,n) = 
sup(M fl N fl re). Therefore PC I re < sup(M fl N fl re). Since r £ N fl P fl re + , it 
follows that r £ M by Lemma 8.7. So r £ M fl N fl re + . Since £ £ Rm{N), by 
Lemma 10.9(2) there \s Q £ B C N CD such that Q fl re = £ and r £ Q. Since 
£ = min((L fl re) \ (Q fl re)) and r £ L n Q fl re + , it follows that £ £ S T since (C, D ) 
is 5-obedient. 

Subcase 2(b): sup(A r fl (3m,n) < P fl re. Since sup(iV fl (3m,n) has countable 
cofinality and Pflre has uncountable cofinality, we have that C\(3m,n) < Pfre. 

Let 5 := min((A^ f re) \ (3m,n), which exists since £ £ N. As N < M, 5 £ Rm{N). 
Also 

sup (N f 5) = sup(IV f (3m,n) < P f re < 6 
and t £ Nr\PC\K + . By Lemma 10.9(4), there is Q £ BnN C D such that Qfre = 6 
and t £ Q. Since sup(IV f d) < P f re < 6, we have that S = min ((N f re) \ (P f re)). 
As L C N and sup(L f £) < P f re < £, clearly £ = min((P f re) \ 8). So £ = 
min((L f re) \ (Q f re)) and r £ L f Q f re + . It follows that £ £ S T since (C, D) is 
5-obedient. 

Case 3: P f re < (3m,n and M < N. Then P f re £ M f (3m,n = M f N f re. 

Subcase 3(a): r < cxm,n and P f cxm,n is bounded below olm,n■ Then r £ 
P f IV f «m,jv• By Lemma 11.7, there is P' £ M f N f y which is 5-strong such 
that P' f re = P f re and r £ P'. 

Recall that either £ £ Rmcn(L ), or there is £ £ Rm(N) such that £ = min((Pf 
re) \ £). Suppose first that £ £ Rmhn{L). Since P' £ M f N f y is 5-strong, 



MITCHELL’S THEOREM REVISITED 


81 


sup(L n £) <Pn/v = P' Hk<C, and r G L D P' fl k + , it follows that ( £ S T since 
C is 5-adequate. 

Now suppose that there is £ G Rm(N) such that ( = min((P fl k) \ £). Then by 
Lemma 10.9(3), there is Q£B(lN CD such that Q fl k = £ and N fl P' fl k + C Q. 
So ( = min((L fl k) \ (Q fl k)) and r G L fl Q fl k + . It follows that ( € S T since 
( C,D ) is 5-obedient. 

Case 3(b): Either r < (Xm,n and PC\oim,n is unbounded in c \m,n, or chm,n < r. 
In the first case, we apply Lemma 11.6 letting To = r to get that there exists 
Q £ N’ ny which is 5-strong such that Q fl k = P fl k and r £ Q. In the second 
case, we apply the main proxy lemma, Lemma 11.5. Since r £ P and P £ M, 

o:m,n < r < sup(P) < sup(M). 

Let 77 := min((M n k + ) \ r), which is in P^(Af). Note that the assumptions of 
Lemma 11.5 for 77 * = 77 are satisfied. By Lemma 11.5(1), there is Q £ N' fl y 
which is 5-strong such that Q fl k = P fl k and r £ Q. In either case, we have that 
Q € N' fl y is 5-strong, Q fl k = P fl n, and t £ Q. 

Let us note that if ( £ Rn>(L), then ( £ S T and we are done. For Q £ N’ fl y 
is 5-strong, 

sup(PnC) <PnK = QnK<(, 

and t £ LC\Q C\ k + . It follows that ( £ S T since C is 5-adequate. 

Subcase 3(b(i)): Pl,n • < C- We claim that ( £ Rn'(L), which finishes the 
proof. If 0l,n ' < P fl k, then PCk=QCk£ (N r D k) \ (3l,n >■ Therefore ( = 
min((PriK) \ (PPIk)) is in Rm'{L). Suppose on the other hand that P(1k < 0l,n'- 
Then £ = min((Pn«;)\/3L j jv')- Since P(1k £ (N' C\/3l,n')\L, we have that L < N'. 
So C £ R N '(L). 

Subcase 3(b(ii)): ( < Pl,n'- In particular, since Qn7t = PriK<( and 
c £ Lr\0L,N', it follows that 

QCk < sup(p n Pl,N') < /3l,N'- 

As Q fl k £ (N 1 n Pl,n’) \ L, we have that L < N'. So L < N', Q £ N' fl y, and 

Q fl k < sup(L fl /3l,n’) = sup (L fl N' fl k). 

By Lemma 8.7, Q fl L fl k + C N'. Since r G LC\QCn + , it follows that r £ N'. By 
Lemma 11.5(2) in the case that ai},jv < t, and by Lemma 11.6(2) in the case that 
t < cxm,n, there is P' £ M' fl y which is 5-strong such that P' fl k = P fl k and 
T £ P'. 

By Lemmas 1.27(1) and 2.6(1), either /?l,m = pL,MnN = Pl,m>, or /3 m ,n < 
Suppose first that /3l,m = Pl,m>- We claim that 

Pl,m' < P Fl k. 

Suppose for a contradiction that PC\k < Pl,m' = Pl,m- Since A is cofinal in PflK 
by the elementarity of P, and sup(L fl C,) < P C Ik, we can find 7 r £ A fl P fl n such 
that sup(L fl () < 7 T. Then 7 r < / 3l,m■ By Lemma 1.19(5), 

InMfl ± 
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Fix £ in this intersection. As £ G Rm{L), Pl,m < C- So £ G L and 

sup (A n C) < 7T < £ < /?l,m < C 

But sup(L n C) < £ < C and £ G L is obviously impossible. Hence indeed Pl,m' < 
PHn. 

So P H k = P' fix £ (A/' n k) \ Pl,m>■ Since £ = min((L fu)\ (P' (~l k)), we 
have that £ G Rm’{L). As P’ G M' fl y is 5-strong, sup(L fl Q < P' FI k < C, and 
r G L n P' fl k + , it follows that ( G S T since C is 5-adequate. 

The other alternative is that /3m,n < Pl,m'- We will show that this is impossible. 
So assume that Pm, n < Pl,m<- We claim that L < M' . For Pnc = P'riKG M'. 
Also 

P fl K < Pm,N < Pl ,M' ■ 

So 

PriKG (M'np L , M ’)\L, 

which implies that L < M'. 

Next we claim that Bm.n < C- Suppose for a contradiction that £ < Pm,n- Then 
(Gin Pm,n CLfl Pl,m and L 0 Pl,m' Q M' since L < M'. So 

C g M' n Pm,n = M' n Pm',n' = M n Pm,n- 

Hence ( G M. But this is not true since ( G Rm{L). 

Since P fl n < Pm,n < C and sup(L fl () < PC Ik, clearly ( = min((L f~l k) \ 
Pm,n)- Since Pm,n < Pl,m' and Pm,n G A, by Lemma 1.19(5) we have that 
L n M' fl \Pm,n, Pl,m') is nonempty. Since £ = min((L fl k) \ Pm,n), it follows that 
c < pL,M'. As L <M', C G M'. 

Now we will get a contradiction. By Subcase 3(b(ii)), ( < Pl,n'- So £ G LC\Pl,n’- 
Since L < M' < N', we have that L < N'. Hence £ G N'. So £ G M' (IN' Dac, which 
implies that £ < Pm’,n’ = Pm,n- But Pm,n < C> an d we have a contradiction. □ 

Proposition 13.2. Let ( A,B) be an S-obedient side condition, where AC X and 
B C y. Suppose that P G B satisfies that cf(sup(P)) = P fl k. Assume that for all 
M G A, M fl P G A, and for all Q G B, if Q fl k < P fl k then Q fl P G B . 

Let ( C, D) be an S-obedient side condition, where C C X and D C y, such that 

AnPCCCPandBCiPCDCP. 

In addition, assume that there exists P' G D such that cf(sup(P')) = P' fl k, and 
for all M € A, there exists M' G C such that 

MflP = M'n P' and p(M, P) = p(M’, P’). 

Then (A U C, B U D) is an S-obedient side condition. 

Proof. By Lemma 8.3, P and P' are simple. Note that for all M G A, XI fl P G C. 
For M fl P G P by Lemma 8.4, and soMnPGdflPCC. Similarly, for all 
Q G B with QnK<PnK,QnPGP. For Q fl P G P by Lemma 8.4, and hence 
QnPGPnPcp. 

Let P := P fl k and p' := P' fl n. Consider M G A. Then by our assumptions, 
M r p = M r p n k = M' n P' n k = M' r p'. 

So Mnp = M’rp'. In particular, since p' has uncountable cofinality, sup(Mfl/3) < 

P'- 
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To show that (AuC, BU D) is S-obedient, we verify properties (1), (2), and (3) 
of Definition 5.3. (2) is immediate. 

(3) Let M G A and Q G D. Let 9 := QC\k, and suppose that £ = min((Mn«;)\0). 
Let r G Q fi M fl k + , and we will show that (gS r . 

Case 1: P fl k < £. Since Q G P, 9 < P fl k, so £ = min((M n k) \ (P fl k)). As 
t G Q and Q G P, r G P. So r G P fl M fl k + . Therefore £ G S T since (A , B ) is 
S-obedient. 

Case 2: £ < P fl n. Then £ G M fl P fl k. Since Mn?riK = Mn/3isan 
initial segment of M fl k, £ = min((M fl P fl k) \ 9). As r G Q and Q G P, r G P. 
So r G Q n (M n P) n k+. Since M fl P G C, it follows that £ G S T as (C, D) is 
S'-obedient. 

Let M G C and Q G B. Let 9 := Q n n, and suppose that £ = min((M fl k) \ 6). 
Fix r G Q (~l M fl k + , and we will show that £ G S T . Since £ G M and M G P, 
£ G P fl k. Hence Q fl k < P fl k. So by our assumptions, Q fl P G D. As r G M 
and M G P, r G P. So r G (Q fl P) fl A-f fl k + . Since QnPn« = Qn«; = 0, 

£ = min((M fl k) \ (Q fl P fl k)). 

It follows that £ G S T since (C, P) is S-obedient. 

(1) The set A U C is adequate by Proposition 1.35. Let M G A and L G C. 
Then L G P. We will prove that the remainder points in Rm(L) and Rl(M ) are 
as required. 

Consider £ G Rl(M). Then by Lemma 2.9, either £ G Rl(M fl P) or £ = 
min((M n k) \ /3). 

Case 1: £ G Rl{M fl P). Fix r G LflMfl k + , and we will show that £ G S T . 
Since rGl and L G P, r G P. So t G Lfl (M fl P) fl k + . Since £ G Rl{M n P), it 
follows that £ G S r since C is 5-adequate. 

Suppose that Q G P H y is S'-strong and 

sup(M n £) < Q fl k < £. 

Fix r G <5 n M fl k + , and we will show that £ G S T . Since MnPn/« = Mn/ 3 is 
an initial segment of M fl k and £ G M n P D n, 

sup(M n P n £) = sup(M n £) < <5 n k < £. 

As Q G L and L G P, Q G P. And since r G Q and Q G P, r G P. So 
r G Q (~l (M n P) fl k + . Since £ G Rl{M HP), it follows that £ G S T since C is 
S'-adequate. 

Case 2: £ = min((M fl k) \ /?). Fix r G L fl M fl k + , and we will show that 
£ G S T . Since r G L and L G P, r G P. So r G P fl M n k + . Since M G A and 
P G P, it follows that £ G 5 T since (A, P) is S'-obedient. 

Suppose that Q G P H y is S-strong and 

sup(A/ fl £) < Q fl k < £. 
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Fix r € Q fl M fl k + , and we will show that £ £ S T . As Q £ L and L £ P, Q £ P. 
And since r £ Q and Q £ P, r G P. So r £ M fl P fl k + . As M £ A and P £ B, it 
follows that £ £ 5 T since ( A , B) is 5-obedient. 

Consider £ £ Rm(L). By Lemma 2.9, £ £ R,Mnp(L). Fix t £ LdAl C\ n + , and 
we will show that £ £ S T . Since t £ L and L £ P, t £ P. So t £ L fl (M nP) (~Ik + . 
As £ £ R,Mnp(L), it follows that ( £ S T since C is 5-adequate. 

Suppose that Q £ M fl y is 5-strong and 

sup(L fl C) < Q n k < 

Fix r S QnLdn + , and we will show that £ £ S T . Since ( £ L and L £ P, C, £ PC\k. 
Therefore Qdn£MdPdn. As t £ L and L £ P, t £ P. So r £ Q fl P fl k + . 

Case 1: r < cjm.p and QdaM,p is bounded below cjm.p- Then r £ QdPda.M,p- 
By Lemma 11.7, there is Q' £ MdPny which is 5-strong such that Q'dn = Qdn 
and t £ Q'. So 

sup(Ln£) <Q'r\K = Qnn<( 

and r £ Q'Cln k+. Since ( £ R,Mnp(L) and Q' £ (M Cl P) fl y is 5-strong, it 
follows that C £ S T since C is 5-adequate. 

Case 2: Either r < «m,p and Q fl ajv/,p is unbounded in um,p , or q.m,p < t. In 
the first case, we apply Lemma 11.6(1) to get Q* £ P' dy such that r £ Q*. In the 
second case, we apply the main proxy lemma, Lemma 11.5. Assuming olm,p < t, 
let 77 := min((M fl k + ) \ r). Note that ?? exists since sup(Q) £ M and r < sup(<5). 
Also 

r e Q n P n [sup(M n 77 ), 77 ). 

By Lemma 11.5(1) there is Q* £ P' Cl y such that t £ Q*. 

Thus in either case, there is Q* £ P' fl y such that t £ Q*. As t £ Q* and 
Q* £ P r , t £ P'. Also by Lemma 11.6(2) in the first case, and Lemma 11.5(3) in 
the second case, there is Q' £ M' fl y such that Q' is 5-strong, Q' fl k = Q fl k, and 
t£Q'. 

By Lemma 2.10(2), either (3l,m = Pl,m< or /3' < / 3l,m>■ First, suppose that 
0l,m = Pl,m'- Since ( £ Rmhp{L), Lemma 2.10(3) implies that ( £ Rm'{L). But 
Q' £ M' fl y is 5-strong, 

sup(L flC) < Q' dn = QdK<C,, 

and t £ Q' fl L fl k + . It follows that ( £ S T since C is 5-adequate. 

Secondly, assume that /3' < Pl,m'- Since 

Q r k £ M n p n k = M n /3 = M' r /3', 

it follows that 

Q n k < p' < 

As Q(1k = Q r C\k£ (. M' fl Pl,m') \ L, we have that L < AI'. 

We claim that /?' < (. Otherwise since L < M ', 

(ein/3'cin p LtM . c m'. 

So ( £ AV 0/3' = M fl P- Hence ( £ M, which contradicts that £ £ Rm(L). 

Since 


sup(L 0 C) < Q fl k < 0' < £, 
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we have that £ = min((L n k) \ fi'). As noted above, r G P'. So r G L n P' D k + , 
and 

£ = nhn((L n k) \ fi') = min((L n k) \ (P' D n)). 

It follows that £ G S T since ( C,D ) is S'-obedient. □ 

Proposition 13.3. Let (A, B) be an S-obedient side condition, where A C X and 
B C y. Suppose that X -< A is such that |X| = n, X (~l n + G k + , and X <K C X. 
Let 6 X D k + . 

Let and Pq, ... ,P m -i enumerate the members of A and B re¬ 

spectively. For each i < k, let ( Q l n : n < u>) enumerate the S-strong models in 
Mi nj 7 - 

Let ( C, D) be an S-obedient side condition, where C C X and D C y, such that 
AnXCCCX and BnXCDCX. 

Assume that Mg,..., M' k l , Pq, ..., Pf l _i, 9', and ( R l n : n < to) for i < k satisfy 
the following properties: 

(1) 9' G 9 fi co{(k); 

(2) for all i < k, M[ G C and Mi n 9 = M■ fl 9'; 

(3) for all j < m, P' € D and Pj fl 9 = P' fl 9’; 

(4) for all i < k, (R l n : n < to) enumerates the S-strong models in M' HJ 7 . and 
for all n < uj, Q l n fl 9 = R l n fl 9'. 

Then (A\JC,B \J D) is an S-obedient side condition. 

Proof. To show that (AuC, BLID) is S-obedient, we verify properties (1), (2), and 
(3) of Definition 5.3. (2) is immediate. 

(3) Let M G C and P G B. Fix j < m such that P = Pj, and let P' := Pj. 
Let f) := P fl k, and suppose that £ := min((M Hr) \ fl). Fix r G M fl P fl k + , 
and we will show that £ G S T . Since r G M and M G X, r G X fl k + = 9. So 
r G P fl 9 = P' fl 9'. Also P' r\K = PC\K = p. Hence r G M fl P' fl k + and 
£ = min((M n k) \ (P' fl n)). It follows that £ G S T since ( C,D ) is S-obedient. 

Let M G A and P G D. Fix i < k such that M = Mj, and let M' \= M[. Let 
fi := P fl k, and suppose that £ = min((M fl k) \ fi). Fix r G M fl P fl n + , and 
we will show that £ G S T . Since r G P and P G I, r G I fl k + = ^. Hence 

r G M fl 9 = M' fi 9'. Also M fl k = M' fl k, so £ = min((M' D n)\ fi). Since 

r G M' nPfl k + , it follows that £ G S T since (C, D) is S-obedient. 

(1) The set A U C is adequate by Proposition 1.38. Let M G A and L G C. We 
will prove that the remainder points in Rm{L) and Rl(M) are as required. Fix 
i < k such that M = Mj, and let M' := Mj. 

Consider £ G Rl(M). Since M fl k = M' n k, £ G Rl{M') by Lemma 2.11. 
Let r G L fl M fl k + , and we will show that £ G S T . Since r G L and L G X, 
t G X n k + =9. Hence r G M n 9 = M' fl 9'. Therefore r G L n A/'. Since 
£ G Rl{M'), it follows that £ G S T as C is S-adequate. 

Suppose that P G L fl y is S'-strong and 

sup(M fl £) < P fl k < £. 
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Let t £ P fl M fl k + , and we will show that £ £ S T . Since P £ P and Lei, 

P £ X. And as t £ P and P £ X, r £ X n n + = 9. Hence r £ M fl 9 = M' fl 6 1 '. 

Therefore r £ P fl M' fl k + . Also since M (1 k = M' n «, 

sup(M' n £) = sup(Af n C) < P n k < £. 

As £ £ it follows that £ £ S T since C is 5-adequate. 

Now consider £ £ Rm(L). Since Mr\ k = M' fl k, £ £ Rm'(L) by Lemma 2.11. 
Let r £ L fl M fl k + , and we will show that £ £ S T . Since r £ P and L £ X, 

t £ X n k + = 9. Hence r £ M H 9 = M' D 9'. Therefore r £ L (~l M'. Since 

£ £ Rm'(L), it follows that £ £ S T since C is S- adequate. 

Let P £ M fl y be S'-strong, and assume that 

sup(P fl £) < P fl k < £. 

Let t £ LnPn k + , and we will show that £ £ S T . Since r £ P and L £ X, 
t £ X fl k + = 9. Fix n < to such that P = Q' n . Then 

T GPne = Q i n n9 = Ri l ne'. 

So t £ R l n fl L n k + . Now R* n £ M' fl y is S'-strong, and 

sup(Pn£) <PnK = Q;nK = i?;n«;<£. 

Since £ £ Rm'(L), it follows that £ £ S T since C is S-adequate. □ 


Part 3. Mitchell’s Theorem 


§14. The ground model 

With the general development of side conditions from Parts I and II at our 
disposal, we now begin our proof of Mitchell’s theorem. We start by describing the 
ground model over which we will force a generic extension satisfying that there is 
no stationary subset of lo 2 fl cof(wi) in the approachability ideal /[u^]- 

We will use the same notation which was introduced at the beginning of Parts I 
and II, together with some additional assumptions. Recall that k > u >2 is regular, 
2 K = k + , and □«. Also the cardinal A from Part I is equal to k + . In addition, we 
will assume that k is a greatly Mahlo cardinal, and the thin stationary set T* from 
Notation 1.4 is equal to P u ^( k). 

Define a sequence of sets (S$ : £ < n + ) inductively as follows. Let Sq denote the 
set of inaccessible cardinals less than k. Let S < n + , and suppose that S 'g has been 
defined for all £ < <5. If S = So + 1 , then let a £ Ss if a is inaccessible, a £ Ss 0 , and 
Ss 0 fl a is stationary in a. If 5 is a limit ordinal, then let a £ Ss if a is inaccessible, 
and for all £ £ As, a , a £ S^. Let S := (S% : £ < k + ). 

The fact that k is greatly Mahlo implies that for all S < k + , Sg is stationary in 
k. In fact, it is easily seen that this consequence is actually equivalent to k being 
greatly Mahlo. See pQ Definition 4.2] for more information about greatly Mahlo 
cardinals. 
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Notation 14.1. For the remainder of Part III, the structure A from Notation 7.6 
will be equal to 


c H(K + ),£,<,K,T*,TT*,C*,A,y 0 ,f*,C,A,c*,S ). 


In Proposition 7.20, we proved that the set of simple models in X is stationary in 
P UJi (H(k + )). We will prove in Proposition 15.3 that most simple models in X have 
strongly generic conditions. The next proposition describes the kind of models in 
y which will have strongly generic conditions. 

Proposition 14.2. There are stationarily many P G P k (H(k + )) such that P G y, 
P is S-strong, and cf(sup(P)) = P f) n. 

Proof. Let F : H(k + ) < u1 —>• H(k + ). Fix X which is an elementary substructure 
of A of size k such that X is closed under F, and r := X fl k + has cofinality k. 
Note that X = Sk(X fl k + ) = Sk(r). Since r is the union of the increasing and 
continuous sequence of sets {A r y : i < k], it follows that X is the union of the 
increasing and continuous sequence of sets {Sk(A Tt i) : i < k}. 

For all infinite 0 < k, \A t ^\ <\0\< k by Notation 7.4(3). Since r has cofinality 
k, sup(^4 Ti ^) < r, and hence sup(A ri/ g) G X. Fix a club C C k such that for all 
a G C, A T<a is closed under H*, A Tia fl k = a, Sk{A T)CX ) is closed under F, and for 
all 0 < a, sup(A ri( g) G A ra . As S t is stationary in k, we can fix a G lirn(C') n S T . 
Let P := Sk(A T ^). 

We claim that P G y, P is S-strong, cf(sup(P)) = P (Ik, and P is closed under 
F. The last statement follows from the fact that a G C. Since A T ^ a is closed under 
H*, PflP = A r ^ a . In particular, since a G C, P fl k = a. As a G S Tl a is 
inaccessible. After we show that cf(sup(P)) = a, it will follow that P G y by 
Lemma 7.15. 

To show that P is S-strong, let cr G P fl k + . Then a G P fl k + = A T ^ a . Since 
a G S T and r is a limit ordinal, for all 7 r G A TjQ ,, aGS,. In particular, a G S CT . 

It remains to show that cf(sup(P)) = a. For < ot\ in C fl a, 

sup(A Tia o) G A T>ctl C P 

by the definition of C. Since P n k is a limit point of C, 

A Ti a = [^J{A rj/ 3 : 0 G C n a}. 

Therefore 

sup(P) = sup(A Tja ) = sup{sup(A T>/ 3 ) : 0 G C fl a}, 
which is the supremum of a strictly increasing sequence. Since a is in S T , a is 
inaccessible, so C fl a has order type a. Hence sup(P) has cofinality equal to 
P (~l k = a. □ 


§15. The forcing poset 

We now define and analyze the forcing poset which will force that there is no 
stationary subset of io 2 0 cof(wi) in the approacliability ideal I[u> 2 \- 

Definition 15.1. Let P be the forcing poset consisting of pairs p = (A p , B p ) satis¬ 
fying: 

(1) A p C X, and for all M G A p , M -< ( A,y ); 
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(2) B p C y ; 

(3) ( Ap,B p ) is an S-obedient side condition. 

Let q < p if A p C A q and B p C B q . 

The rest of this section is devoted to proving amalgamation results for P, which 
in turn yield the existence of strongly generic conditions. 

Lemma 15.2. Let N £ X with TV -< (A, (V). Then qN '■= ({iV}, 0) is in P, and for 
all p £ TV fi P, p and qN are compatible. 

Proof. Immediate from Lemma 5.4(1). □ 

Proposition 15.3. Let N £ X be simple such that TV -< (A, y, P). Let qN '■= 
({TV},0). Then qN is a universal strongly N-generic condition. 

See Section 3 for a discussion of universal strongly generic conditions. 

Proof. By Lemma 15.2, qN is compatible with all conditions in TV HP. So it suffices 
to show that qN is strongly TV-generic. Let ro < qN be given. We will find a 
condition v in TV fl P such that for all w < v in TV fi P, ro and w are compatible. 

Let Mo,... ,Mk -i list the models M in A ro \ TV such that M < TV. Note that 
by Lemma 8.2, M* n TV £ TV for all* < k. 

By finitely many applications of Lemmas 5.5(1) and 7.16, together with the fact 
that TV (A, y), the pair 

n := ( A ro U {M 0 n TV,..., M fc _! n TV}, B ro ) 
is a condition below ro- 

By Proposition 10.8, there is a condition r < n such that A r = A ri , and (A r , B r ) 
is closed under canonical models with respect to TV. Note that the assumptions of 
the first paragraph of Proposition 13.1 hold for A = A r and B = B r . 

The objects r, TV, and Mo,..., Aik -1 witness that the following statement holds 
in (4J,P): 

There exist v, TV', and M,(,..., M' k _ 1 satisfying: 

(1) vgP; 

(2) A r fl TV C A v , B r n TV C B v , and Mq, ..., M' k _ 1 and TV' are in A v ; 

(3) TV' is simple; 

(4) for all i < k, M[ < TV', M* n TV = M' D TV', and p(M h TV) = p(M[, TV'). 

The parameters which appear in the above statement, namely A r fl TV, B r fl TV, 
and for i < k, Mi fl TV and p{Mi, TV), are all members of TV. By the elementarity of 
TV, there are v, TV', and Mq, ..., M' k ^ t in TV which satisfy the same statement. 

We will show that for all w < v in TV (~l P, w is compatible with r, and hence is 
compatible with r 0 since r < r o- This will complete the proof. 

So fix w < v in TV fl P. We claim that the pair 

(A r UA w ,B r UB w ) 

is in P. Note that the assumptions of the second paragraph of Proposition 13.1 
hold for C = A u , and D = B w . So by Proposition 13.1, (A r U A w ,B r U B w ) is an 
S'-obedient side condition. So this pair is a condition in P, and it is obviously below 
r and w. □ 
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Corollary 15.4. The forcing poset P satisfies the coi-covering property. In partic¬ 
ular, it preserves wi. 

Proof. By Proposition 7.20, the set of N € P u , 1 (H(n + )) such that N £ X and N is 
simple is stationary. Hence there are stationarily many such N with N -< (A, y, P). 
Any such N has a universal strongly iV-generic condition by Proposition 15.3. By 
Corollary 3.10, P has the Wi-covering property. □ 

Next we prove that many models in y have strongly generic conditions. 

Lemma 15.5. Let P £ y be S-strong. Let qp := ( 0 , {P}). Then qp is in P, and 
for all p £ P (~l P, p and qp are compatible. 

Proof. Immediate from Lemma 5.4(2). □ 

Proposition 15.6. Let P G y be S-strong such that cf(sup(P)) = P f~l k and 
P -< (A, y, P). Let qp := ( 0 ,{P}). Then qp is a universal strongly P-generic 
condition. 

Proof. By Lemma 15.5, qp is compatible with all members of PfiP. So it suffices to 
show that qp is strongly P-generic. Let ro < qp be given. We will find a condition 
tigPnP such that for all w < v in P n P, ro and w are compatible. 

By finitely many applications of Lemmas 5.5(2), 5.5(3), and 7.16, together with 
the fact that P -< ( A , y ), there is a condition r <r o such that 

A r = A ro U {P n M : M e A ro }, 

and 

B r = B ro U {P C Q : Q G B ro , Q n k < P C k}. 

Then the assumptions of the first paragraph of Proposition 13.2 hold for A = A r 
and B = B r . 

Let f) := P fl k. Let M 0 ,..., M^-i list the members of A r . 

The objects r, P, /3, and Mo,..., Mk-i witness that the following statement 
holds in (A, A\P): 

There exist v, P', /?', and Mg,..., M' k _ 1 satisfying: 

( 1 ) vgP; 

(2) 4 r nPC A v , B r nPC B v , Mg,..., M' k _ 1 are in A v , and P' € B v \ 

(3) P' fl k = and cf(sup(P')) = /?'; 

(4) for all i < k, M z nP = M[ n P' and p(M h P ) = p(M', P'). 

The parameters appearing in the statement above, namely, A r (~l P, B r (~l P, and 
for i < k, Mj n P and P), are all members of P. By the elementarity of P, 
we can fix v, P', / 3 ', and Mg, ..., M' k _ x in P which satisfy the same statement. 

For each M € A r , let M' denote Ml, where i < k and M = Mj. 

We will show that for all w < v in P fl IP, w is compatible with r, and hence is 
compatible with rg since r < rg. This will complete the proof. 

So fix w < v in P fl IP. We claim that the pair 

(A r UA w ,B r UB w ) 

is in IP. Note that the assumptions of the second paragraph of Proposition 13.2 
hold for C = A w and D = B w . So by Proposition 13.2, (A r U A w ,B r U B w ) is an 
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5-obedient side condition. So this pair is a condition in P, and it is obviously below 
r and w. □ 

Corollary 15.7. The forcing poset P has the n-covering property. In particular, P 
forces that k is a regular cardinal. 

Proof. By Proposition 14.2, there are stationarily many P in y such that P is 5- 
strong and cf(sup(P)) = P(1 k. Therefore there are stationarily many such P with 
P -< (A, y, P). By Proposition 15.6, any such P has a universal strongly P-generic 
condition. Hence by Corollary 3.10, P has the N-covering property. □ 

Finally, we prove that for most transitive models, the empty condition is a 
strongly generic condition. 

Proposition 15.8. Suppose that X is an elementary substructure of (.4, y, P) of 
size k such that X n k + £ k + and X <K C X. Then the pair (0,0) is a strongly 
X-generic condition. 

Proof. Let 9 := X n n + . Since X <K C X , 9 has cofinality n. 

Let I? be a dense subset of PflX, and we will show that D is predense in P. Let 
p be a condition. 

Let Mo,..., Mk-i and Po,..., P m -i enumerate the members of A p and B p re¬ 
spectively. Note that since X <K C X, for any model K on either of these lists, 
K fl 9 £ X. For each i < k, let (Q' n : n < w) enumerate the 5-strong models in 
Mi fl y. Since X <K C X , for each n < w, Q l n PI 9 £ X. Therefore the sequence 
(Q‘ n fl 9 : n < w) is in X. 

Note that the assumptions of the first and second paragraphs of Proposition 13.3 
hold for A = A p and B = B p . 

The objects p, 9, M 0 ,...,Mfc_i, P 0 ,...,P m _i, and {Q l n : n < w) for i < k 
witness that [A, y , P) satisfies the following statement: 

There exist v, 9', M ' 0 ,..., M' k _ l , Pq, ..., P^ l _ 1 , and {RI n : n < w) for i < k such 
that: 

(1) v € P; 

(2) Mq, ..., M' k _ 1 are in A v and P ( f ..., Pm_i are in B v ; 

(3) cf(6 »') = k; 

(4) Mi C\9 = M[ fl 9' and Pj fl 9 = P- PI 9' for i < k and j < m; 

(5) for all i < k , (RL : n < oj) enumerates the 5-strong models in M- fl y , and 
for all n < u, Q< n n 9 = Rf n n 9’. 

The parameters which appear in the above statement, namely k, Mi n 9 for i < k, 
Pj fl 9 for j < to, and (Q l n fl 9 : n < u) for i < k are all members of X. By the 
elementarity of X , we can fix v, 9 ', Mq, ..., M' k _ x , Pq, ..., P^_ 1: and {R l n : n < oj) 
for i < k in X which satisfy the same statement. 

For each M in A p , let M' denote M -, where i < k and M = Mj. For each P in 
B p , let P' denote Pj, where j < m and P = Pj. 

Since D is a dense subset of P fl X, we can fix w < v in D. Let us show that w 
and p are compatible. This proves that D is predense in P, finishing the proof. It 
suffices to show that the pair 


(A P UA W ,B P UB W ) 
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is a condition. Note that the assumptions of the third paragraph of Proposition 
13.3 hold for C = A w and D = B w . So by Proposition 13.3, (A p U A w , B v U B w ) is 
an S'-obedient side condition. Therefore this pair is in P, and it is obviously below 
p and w. □ 

Corollary 15.9. The forcing poset P is n + -c.c. 

Proof. Since (0, 0) is the maximum element of P, by Proposition 3.11 it suffices to 
show that there are stationarily many X in P K + ( H(k + )) for which (0, 0) is strongly 
X-generic. By Proposition 15.8, it suffices to show that there are stationarily many 
X in P K +(H(n + )) such that X D k + € n + and X <K C X. But this follows easily 
from the fact that n <K = k. □ 

§16. The final argument 

We now complete the proof of Mitchell’s theorem. We begin by noting that the 
forcing poset P has the desired effect on cardinal structure. 

Proposition 16.1. The forcing poset P preserves u>i, collapses k to become u> 2 , 
and is n + -c.c. 

Proof. Immediate from Proposition 3.12, Lemma 15.2, and Corollaries 15.4, 15.7, 
and 15.9. □ 

Next we will show that we can apply the factorization theorem, Theorem 6.4. 

It is easy to see that P has greatest lower bounds. Namely, if (A, B) and (C, D) 
are in P and are compatible, then (A\J C, B U D) is the greatest lower bound of 
(A,B) and (C,D). 

Lemma 16.2. The forcing poset P satisfies property *(P, P). 

See Definition 6.2 for the definition of *. 

Proof. Let p, q , and r be pairwise compatible conditions in P. Then q A r = 
(A q U A r , B q U B r ), p Ag = (. A p U A qi B p U B q ), and p A r = (A p U A ri B p U B r ). To 
see that p is compatible with q Ar, it suffices to show that 

(A p Ud,U A r , BpUBqU B r ) 

is an S'-obedient side condition. But looking over the requirements of being S- 
obedient, any violation of these requirements involves an incompatibility between 
two objects appearing in the components of the pair, and hence would lead to a 
violation of the same requirement for one of the triples p A q, p A r, or q A r. □ 

Proposition 16.3. Let Q G y be S-strong such that cf(sup(Q)) = Q fl k and 
Q -< (M, jy,P)- Let. qQ := (0,{Q}). Let G be a generic filter on P which contains 
qQ. Then G fl Q is a V-generic filter onPnQ, and V[G\ = V[G fl Q\ [H ], where H 
is a V[GnQ\-generic filter on (P /qo)/(GC\Q). Moreover, the pair (V[GnQ\, V[G]) 
satisfies the uji-approximation property. 

Proof. By Proposition 15.6, qQ is a universal strongly Q-generic condition. By 
Propositions 7.20 and 15.3, there are stationarily many models in P Ul ( H (k) + ) which 
have universal strongly generic conditions. By Lemma 16.2, P satisfies property 
*(P, P). So the assumptions of Theorem 6.4 are satisfied, and we are done. □ 
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We will need the following technical lennna about names. 

Lemma 16.4. Suppose that Q £ y with Q -< (H(k + ),£, P), and q is a strongly 
Q-generic condition. Let G be a V-generic filter on IP which contains q. Let a £ Q 
be a nice P-name for a set of ordinals, and suppose that d G is a subset of Q n k. 
Thena G £ V[GnQ}. 

Proof. Note that since q is strongly Q-generic, G D Q is a P-generic filter onPflQ 
by Lemma 3.3. 

Let a := QC\n. Since a is a nice name, for each 7 < a there is a unique antichain 
A y such that (p, 7 ) £ a iff p £ Ay. Since a £ Q, by elementarity each A 7 is in Q. 
We claim that for all 7 < a, 

7 £ d G iff A 7 n G n Q 7 ^ 0. 

Since a G C QCk = a, it follows that a G is definable in F[GnQ] from the sequence 
(Ay : 7 < a) and the set GflQ. Therefore a G £ V[GC\Q\, which finishes the proof. 

If p £ Ay fl G fl <2, then ( p , 7 ) £ a by the choice of Ay. Since p £ G, it follows 
that ( 7 )° =7 is in a G . This shows that Ay n G fl Q ^ 0 implies that 7 £ a G . 

Conversely, assume that 7 £ a G . Then by the choice of Ay, we can fix p £ GflAy. 
So to show that Ay fl G fl Q is nonempty, it suffices to show that p £ Q. 

Since A 7 £ Q is an antichain, by elementarity there is a maximal antichain A £ Q 
with A 7 C A. Let D be the dense set of u £ P such that for some s £ A, u < s. By 
elementarity, D £ Q, and therefore D fl Q is dense in P fl Q by elementarity. Since 
q is strongly Q-generic, D n Q is predense below q. 

As q £ G and D fl Q is predense below q, we can fix u £ G fl D fl Q. By 
elementarity and the definition of D, there is s £ A fl Q such that u < s. Since 
u £ G, s £ G. Now p £ Ay and Ay C A, so p £ A. Also s £ A. Since s and p 
are both in G, they are compatible. But A is an antichain, so s = p. Since s £ Q, 
p £ Q. □ 

Proposition 16.5. Let r < kA be an ordinal with cofinality k which is closed under 
H*. Let Y and D T be P -names such that P forces 

Y = {P :3p £ G (P £ B p )} and D t = {P(1k: P £Y, t£ P}. 

Suppose that f3 < k is an ordinal with uncountable cofinality, and p is a condition 
which forces that f3 is a limit point of D T . Let Q := Sk(A r j 3 ). Then: 

(1) Q € y; 

(2) Q fl k = fl and Q fl n + = A T p; 

( 3 ) £ S T+ 1/ 

(4) cf(supJQ)) = /?; 

(5) Q is S-strong; 

( 6 ) p forces that Q is in Y. 

Proof. Define 

Z* := {P £ y : P is ^-strong, P fl k < /?, r £ P}, 

and 

Z := {PHt : P £ Z*}. 

Note that by Lemma 7.28, if Pi and P 2 are in Z* and Pi fl a < P 2 n k, then 
Pi n r C P 2 fl t. 
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We claim that for all 7 < / 3 , there is P £ Z* such that 7 < PflK. Namely, since 
p forces that p is a limit point of D T , there is q < p and P £ B q such that t £ P 
and 7 < P n k < p. Since P £ B qi it follows that P £ y is 5 -strong. So P £ Z* 
and 7 < P fl At, proving the claim. Consequently, ((J Z) C k = p. 

Next we claim that (J Z = A Tt p. First, suppose that P £ Z*, and we will show 
that PflrC A T p. Since t £ P, it follows that P C r = A TPriK by Lemma 7.27, 
which is a subset of A T ^ since PH At < p. This shows that (J ZC A T ^. Conversely, 
let £ £ A Ti p, and we will show that £ £ (J Z- Since p is a limit ordinal, we can 
fix 7 < /3 such that £ £ A T>7 . By the first claim, there is P £ Z* such that 
7 < P fl At. Since 7 < P fl At and £ £ A rr/ , it follows that £ £ A rj p nK . But r £ P, 
so A r pcik = P n r by Lemma 7.27. Hence £ £ P fl r. As P fl r £ Z, we have that 

CeU z. 

Since r is closed under H*, every set in Z is closed under H*. As Z is a C-chain, 
(J Z = A T p is also closed under if*. In particular, QC\k + = A T< p. As noted above, 

Q n k = A Tt p n k = ((J z) n k = p. 

This proves (2). 

By Lemma 7.28(2), if P 1 and P 2 are in Z* and PiPn < P 2 r\K, then sup(PiflT) € 
P 2 fl r, and hence sup(Pi flr)< sup(P 2 fl r). In particular, since A Tt p = (J Z, 

sup(A r ( g) = sup{sup(P fl r) : P £ Z*}. 

Since /3 has uncountable cofinality, sup(A Tjj g) = sup(Q) has uncountable cofinality. 
It follows that Q £ y by Lemma 7.15. 

Now we prove that Q fl k = j3 is in ,S' T +i ■ Fix M in X such that p, /?, and r 
are in M. Then q := (A p U {M}, B p ) is in P and q < p. Since /? has uncountable 
cofinality, sup (M n /?) < /3. As q forces that /3 is a limit point of D T , we can fix 
r < q and P £ B r such that sup(M fl/3) <Pi~Ik</ 3 and t £ P. It follows that 
/3 = min((MnK)\(PriK;)). As r £ MflP, r+1 £ MflP by elementarity. So M £ A r , 
P £ B r , and r + leMflPfl k + , which implies that f3 = min((Af fl k) \ (P fl k)) 
is in 5 t+ i by the fact that ( A r: B r ) is S-obedient. 

Since /? £ SV+i, P is inaccessible, and in particular is regular. Therefore the 
ordinal sup(A Tij g) = sup{sup(P fir) : P £ Z*} is the supremum of a sequence of 
ordinals of order type ft. It follows that sup(Q) has cofinality f3. So cf(sup(Q)) = 
Q n k. 

Now we show that Q is 5-strong. Since /3 £ S T+ 1 , ft £ S T . As r is a limit 
ordinal, for all ^ £ A T ,p, ft £ S$. So if ^ £ Q fl k + = A T> p, then Q fl k = p £ 5{, 
which shows that Q is 5-strong. 

It remains to show that p forces that Q is in Y. It suffices to prove that for all 
q < p, there is r < q such that Q £ B r . So let q < p. We claim that (A q , B q U {Q}) 
is a condition below q. 

Since Q is 5-strong, to prove that {A q , B q U{Q}) is an 5-obedient side condition, 
it suffices to show that if M £ A q and C = min((M fl At) \ P), then for all cr £ 
M n Q n ac + , C, £ S a . 

Let a £ M n Q fl At + . Since a £ Q n k + = A Tt p and p is a limit ordinal, we 
can fix 7 < P such that a £ A T>7 . By increasing 7 if necessary, also assume that 
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sup(M PI f3) < 7 . As q forces that /? is a limit point of D T , we can fix s < q and 
P £ B s such that 7 < P f~l k < /3 and r G P. So 

A-7-,7 p A r pf) K = P n t. 

In particular, a £ P. Since £ = min((M n k) \ /3), we have that 

sup(MnC) = sup(Mn/3) < 7 <Pn«<^<(. 

So M £ A s , P G P s , a G M ("I P fl k + , and ( = min((M fl n) \ (P fl k)). Therefore 
( £ S a since (A S ,B S ) is an S-obedient side condition. □ 

Lemma 16.6. Let t < k + be an ordinal of cofinality k, and let ft £ S T +Suppose 
that Q £ y is S-strong, Q fl n = (3, Q fl k + = A r and cf(sup(Q)) = (3. Then the 
set 

{P £ Q <iy : P is S-strong , cf(sup(P)) = P fl k} 
is stationary in Pp(Q). 

Proof. Let F : Q <u Q , and we will find P G QCiy such that cf(sup(P)) = PHk, 
P is /S-strong, and P is closed under F. Since Q £ y, Q H n + = A tJ 3 is closed 
under Fd*. As Q D n + is the union of the increasing and continuous chain {A T i : 
i < (3}, there exists a club C C f3 such that for all a £ C, A T ^ a is closed under 
FL* and A TjQ , (~l k = a. Then Q is the union of the increasing and continuous chain 
{ Sk(A TtCC ) : a £ C}. Fix a club D C C such that for all a £ D, Sk(A Tt0l ) is closed 
under F. 

For each a £ D, let Q a := Sk(A T , a ). We claim that for all a £ D, Q a £ Q. 
Since \Q a fl k + | = \A T ^ a \ < |a| + < (3 and cf(sup((5)) = /3, it follows that A T ^ a is a 
bounded subset of Q fl k + = A T>/ 3 . Also 

cf(sup(Q a )) < a < (3 = cf(Q fl k). 

By Lemma 7.14, sup(Q Q .) G Q. But A r a = A sup( - J 4 T a ^ a by coherence, and since 
sup(A T>Q ) and a are in Q, so is A r<a by elementarity. Hence Q a £ Q by elementarity. 

Fix a club E C lim(P) such that for all a £ E, for all 7 G a fl D, Q 7 £ Q a . 
In particular, for all a £ E, since Q a = |J{Q 7 : 7 G a fl D} : it follows that 
cf(sup(Q a )) = cf(ot(a fl D)). So if a £ E is regular, then cf(sup(Q a )) = a. 

Since (3 £ S T +\, S T fl (3 is stationary in (3. So we can fix a £ E fl S T . To finish 
the proof, it suffices to show that Q a = Sk(A T ^ a ) is in Q ny, Q a is S-strong, 
cf(sup(Q a )) = Q a fl k = a, and Q a is closed under P. 

We know that Q a is closed under F by the definition of D. We previously 
observed that Q a £ Q, and since a £ E is regular, cf(sup(Q a )) = a. In particular, 
Q a G y by Lemma 7.15. To see that Q a is S-strong, let f £ Q a (~l k + = A T ^ a - 
Since a £ S T and r is a limit ordinal, a £ S v for all g £ A T a ■ In particular, 
Qa f~l k = a £ S{. □ 

Lemma 16.7. Suppose that Q £ y is S-strong and Q -< (A, y , P). Let (3 := QHk. 
Suppose that the set 

{P £ Q ny : P is S-strong , cf(sup(P)) = P fl k} 

is stationary in Pp(Q). Then the forcing poset PfiQ forces that (3 is a regular 
cardinal. 
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Proof. Let 7 < /?, and let / be a (P n Q)-name for a function from 7 to j3. Fix a 
condition p £ P f~l Q, and we will find q < p in P n Q which forces that / is bounded 
in /3. Let F be the set of triples (u, i, £) such that u £ P fl Q and u lhp n Q /(*) = £■ 

Let {g n : n < uj} be a set of definable Skolem functions for the structure (A, y, P). 
Since Q -< (A, 3^,P), <5 is closed under g n for all n < 00 . By the assumption of the 
lemma, we can fix P £ Q fl y such that P is P-strong, cf(sup(P)) = P fl k, P 
is closed under g n for all n < uj, and P -< (Q, €,Pn Q,p,j,F). In particular, 
P -< (A, ^,P). As p £ P, Proposition 15.6 implies that q := ( A pi B p U {P}) is a 
strongly P-generic condition below p. 

We claim that 

q IbpnQ ran(/) C P n k. 

Since PflK < Q <1 k = /3, this completes the proof. Let i < 7 , and we will show 
that 

Q lhpnQ f(i) £ P Ci k. 

Let D be the set of s £ P fl P such that for some f £ P fl k, (s, i, £) £ F. We 
claim that D is dense in P fl P. So let u £ P fl P be given. Then u £ P fl Q. Since 
/ is a (P fl Qj-name for a function from 7 to /3, there is v < u and f < Q fl n such 
that v lhpnQ f(i) = £, and hence (v,i,0 £ F. Since P ^ (Q, £,PnQ,p,j,F) and 
u and i are in P, by elementarity there is v £ P and £ £ P n n such that v < u and 
( v , i , f ) £ F. Then v < u and v £ D. 

Since q is strongly P-generic, D is predense in P below q. Let r < q in Q fl P 
decide the value of f(i) to be f. and we will show that £ £ P. Then r < q is in P, 
and (r, ) £ F. Since D is predense in P below g, for some u £ D, r and u are 

compatible in P. By the elementarity of Q, P fl Q is closed under greatest lower 
bounds, and therefore r and u are also compatible in PnQ. Since u £ D, by the 
definition of D there is f £ P fl k such that £ F. But (r,i,Q £ F and 

£ P hnply, by the compatibility of r and u in P fl Q, that £ = £'. Since 
f £ P, it follows that £ £ P. □ 

Recall that for a sequence a = {at : i < U 2 ) of countable sets, Ss is the set of 
limit ordinals a < 0 J 2 for which there exists a club c C a with order type cf(a) such 
that for all f3 < a, there is i < a with cfl /3 = a,. A set S' is in the approachability 
ideal I[co 2 ] iff there exists such a sequence a and a club D with S fl D C Ss- 
In particular, if I[u 2 ] contains a stationary subset of W 2 fl cof(wi), then for some 
sequence a, Ss D cof(wi) is stationary. We will show that this last statement fails 
in any generic extension by P. 

Theorem 16.8. The forcing poset P forces that there is no stationary subset of 
u> 2 (~l cof(wi) in the approachability ideal 

Proof. Suppose for a contradiction that p is a condition, a = (hi : i < k) is a 
sequence of P-names for countable subsets of k , and p forces that Ss fl cof(wi) is 
stationary. Without loss of generality, assume that each dj is a nice name, which 
means that for some sequence of antichains (A l a : a < k) of P, d* is equal to the 
set of pairs {(p, a) : p £ A‘ a , a < n}. As P is k + -c.c., each name d, is a member of 
H(k + ). Fix 7 < k + such that for all i < k, d, is in /*[ 7 ], where /* : n + —> H(n + ) 
is the bijection described in Notation 7.1. 

Let M be an elementary substructure of (A, y, P) such that \M\ = k, M C\k + £ 
k + ncof(«;), and 7 < MC\n + . Let r := M flK + . Since 7 < MC\k + and M is closed 
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under /*, it follows that for all i < k, hi is in M. Fix P-nanres Y and D T such that 
P forces 

Y = {P : 3p £ G (P £ B p )} and D T = {P n k : P £ Y, t £ P}. 

An easy observation which follows from Lemma 15.5 is that D T is forced to be 
cofinal in k. Therefore lim(£) r ) is forced to be club in k. 

For each a < k, let Q a '■= Sk(A Tta ). Since r is the union of the increasing 
and continuous sequence {A Tta : a < k}, clearly M = Sk(r) is the union of the 
increasing and continuous sequence {Q a : a < k}. Let E be a club subset of k such 
that for all a £ E, Q a (3 k = a, Q a H k + = A T>a , Q a -< (A, A 1 , P), and for all i < a, 
hi £ Qa- 

Clearly p forces that £'nlim(Z) T ) is club in k. Since p forces that S'sncof(wi) is 
stationary, we can fix q < p and a < k such that q forces that a is in E n lim(D r ) n 
Sg PI cof(uq). Since q forces that cf(a) = u) 1 , clearly a has uncountable cofinality. 
Let Q := Q a - Then by Proposition 16.5, Q £ y is 5-strong, Q n k = a £ S T + 1 , 
QHk + = A TiQ , cf(sup(Q)) = Q fl k = a, and q forces that Q is in Y. By extending 
q if necessary, we can assume without loss of generality that Q £ B q . 

By Lemma 16.6, the set 

{P £ Q fl y : P is 5-strong, cf(sup(P)) = P n k} 

is stationary in P a [Q). By Lemma 16.7, the forcing poset P fl Q forces that a is a 
regular cardinal. Since Q £ B q , clearly q < qQ := (0, {Q}). 

Let G be a V-generic filter on P containing q, and we will get a contradiction by 
considering the generic extension V[G\. Since q < qQ, it follows that qQ £ G. By 
Proposition 16.3, V[G\ can be factored as 

V[G\ = V[GnQ][H\, 

where G fl Q is a F-generic filter on PnQ, H is a V[G fl Q]-generic filter on 
(P/g Q )/(GnQ), and the pair {V[GC\Q\, V[G\) has the aq-approximation property. 

As a is in Ss 0 cof(wi), in V[G] there is a club c C a with order type ui\ such 
that for all (3 < a, there is i < a such that c fl B = af. For any such 0 and i, 
hi £ Q, and af = c fl 0 is a subset of Q fl n = a. By Lemma 16.4, it follows that 
af £ V[G D Q\. So for all 0 < a, c fl 0 £ V[G 0 Q]. 

By Lemma 6.1, c £ V[G fl Q\. But since c has order type uq, it follows that a 
has cofinality uq in V[GC\Q]. Now a £ S T + 1 , and in particular, a is inaccessible in 
V, but a is not regular in V[G D Q\. However, we previously observed that P fl Q 
forces that a is a regular cardinal, so we have a contradiction. □ 
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